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THE BASICS
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Discrete Multiple Orthogonal Polynomials

@ One needs r > 2 measures (1;)/_;.
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Discrete Multiple Orthogonal Polynomials

@ One needs r > 2 measures (1;)/_;.

@ The polynomials are indexed by a multi-index
7= (ni,...,n;) € N, with length |a] = n;.
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Discrete Multiple Orthogonal Polynomials

@ One needs r > 2 measures (1;)/_;.

@ The polynomials are indexed by a multi-index
7= (ni,...,n;) € N, with length |a] = n;.

@ A type Il multiple orthogonal polynomial is defined as a
polynomial Pj of degree < |] so that for i =1,...,r,

o0

zpﬁ(X)ka,'(X):O, k=0,1,...,n; — 1.

x=0
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Discrete Multiple Orthogonal Polynomials

@ One needs r > 2 measures (1;)/_;.

@ The polynomials are indexed by a multi-index
7= (ni,...,n;) € N, with length |a] = n;.

@ A type Il multiple orthogonal polynomial is defined as a
polynomial Pj of degree < |] so that for i =1,...,r,

o0

zpﬁ(X)ka,'(X):O, k=0,1,...,n; — 1.
x=0

@ The index i is said to be normal if Pz is unique (up to a
multiplicative factor) and has exactly degree |n].
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Discrete Multiple Orthogonal Polynomials

@ One needs r > 2 measures (1;)/_;.
@ The polynomials are indexed by a multi-index
7= (ni,...,n;) € N, with length |a] = n;.
@ A type Il multiple orthogonal polynomial is defined as a
polynomial Pj of degree < |] so that for i =1,...,r,
(o)
zpﬁ(X)ka,'(X):O, k=0,1,...,n; — 1.
x=0
@ The index i is said to be normal if Pz is unique (up to a
multiplicative factor) and has exactly degree |n].
o System of measures (u;) for which all the multi-indices are

normal are known as perfect systems.
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The Nearest Neighbor Recurrence Relation (NNRR)

xP(x) = Pﬁ'—i—é'k(x) + /Bﬁ,kPﬁ(X) + ZaﬁJPﬁ—gj(X)'
=il

@ The NNRR connects MOP of second type Pz with the
polynomial of degree one higher Pz, 5 and all the neighbors
of degree one lower P5_g for j=1,...,r.
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The Nearest Neighbor Recurrence Relation (NNRR)

xP(x) = Pﬁ'—i—é'k(x) + /Bﬁ,kPﬁ(X) + ZaﬁJPﬁ—gj(X)'
=il

@ The NNRR connects MOP of second type Pz with the
polynomial of degree one higher Pz, 5 and all the neighbors
of degree one lower P5_g for j=1,...,r.

o Computing the coefficients:

> X" Pa(x) wi(x)
x=0
3~ —

nJ — oo
> XV Pa_g(x) wj(x)
x=0

)
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The Nearest Neighbor Recurrence Relation (NNRR)

xP(x) = Pﬁ'—i—e"k(X) + /Bﬁ,kPﬁ(X) + ZaﬁJPﬁ—gj(X)'
=il

@ The NNRR connects MOP of second type Pz with the
polynomial of degree one higher Pz, 5 and all the neighbors
of degree one lower P5_g for j=1,...,r.

o Computing the coefficients:

> X" Pa(x) wi(x)
x=0
3~ —

nJ — oo
> XV Pa_g(x) wj(x)
x=0

)

@ For r = 2, we have
Pry+1,m,(X) — Pnl,n2+1(X) = (Bm,nz,? - 6"1,"2,1)pn1,n2(x)~
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The Nearest Neighbor Recurrence Relation (NNRR)

xP(x) = Pﬁ'—i—e"k(X) + /Bﬁ,kPﬁ(X) + ZaﬁJPﬁ—gj(X)'
=il

@ The NNRR connects MOP of second type Pz with the
polynomial of degree one higher Pz, 5 and all the neighbors
of degree one lower P5_g for j=1,...,r.

o Computing the coefficients:

> X" Pa(x) wi(x)
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nJ — oo
> XV Pa_g(x) wj(x)
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@ For r = 2, we have
pn1+1,n2(X) - pn1,n2+1(x) = Cn17n2pn1,n2(x)'
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THE EXAMPLE
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Multiple Meixner Polynomials of second type

@ The expression
. cmt+m—ki—k

Mrﬁl,'ng% Z Z ( )( )m(_X)k1+k2(ﬂ2+x_k1)n2—k2(/81+X)n1—k1

=0 ko=
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Multiple Meixner Polynomials of second type

@ The expression

momn cmt+m—ki—k

MPL52c(x Z Z ( )( )m( Xyt (B2 X =K1 )y — sy (BL4-X) g — kg

=0 kp=
@ The coefficients of the NNRR:

] _ o Bt m —1)(B2 — m — B1)
n1,np,1 "A=c)2(m+fo—m—B1)’

, e (B2 +m —1)(B1 — m — f2)
n,m,2 (]_ _ C) (nl + 51 — Ny — 62)

ny+m
/Bnl,ng,k 1—

=+ (4 87— k=1,2.
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Multiple Meixner Polynomials of second type

@ The expression
momn cmt+m—ki—k

MPL52c(x Z Z ( )( )m( Xyt (B2 X =K1 )y — sy (BL4-X) g — kg

=0 kp=
@ The coefficients of the NNRR:

] _ o Bt m —1)(B2 — m — B1)
n1,np,1 "A=c)2(m+fo—m—B1)’

, e (B2 +m —1)(B1 — m — f2)
n,m,2 (]_ _ C) (nl + 51 — Ny — 62)

ny + no
Brw mok i +(me+B— k=12
c(np—n+p— B
o Cnl’n2 = ( T )
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The 1st factorization

The coefficients of the NNRR:

(Br+N—-1)(B2—N—f1)
A= cP(m+ P —N—p1)

(B2 4+ np = 1)(B1 — no — B)
"A=cP(N+BL—m— )’

c(n2 — N+ B2 — p1)
1—c¢

aN7,,271 = Ccn

an,n,,2 = €N

Cnymp =

Thecase 51 =1—N

My <) = My 07 () Rio.m) (%) = (x—N+1)y Mz ™V (x— V)
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The 2nd factorization

the 2nd case: Moving through the first index

Minnls5(x) = My 07 () Uny 0)(x) = (x= N+1)yMp T (x— )
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The factorization and the orthogonality

pn1+17n2(X) - pn1,n2+1(x) = (/8171,'7272 - /Bnlynz,l)pnlmz(x)'

The general case

—N,Ba,c N,Ba+N,
Minvs pn) ) = (x = N+ Dn ML (e — )

The properties of orthogonality for the case f; =1 — N

N
1-N,By,c, y k(L= N)xc™ 1—N,By,c N Ky x _
ZM("L"z) (x)x OEE) +Z(A Moy G(ATE) e =0, 0< k<n —1,
x=0 x=
oo
ZMln ",’Tf”x) k (P2)xe 70, 0< k< m—1.
= e F(x+1)
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Sketch of the proof

Identity (by W. Van Assche)

AMPLB2E (0 my(B1 — B2 — ""2)Mﬁ1+1 B2sc () _ my(Ba — B1 — my) MPLB2LE

(my,m3) B1 — B2 (my —1,mp) B1 — Ba (my,my—1)
Consequence:
N
N pg1—N,B2,c _ § 1 N+j,B2,c
A M(nl,nz) (X) o aJ (n—j,nm2,;) ( )
Jj=0
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Zeros

THE ZEROS
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FINALLY....
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