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The basics



The polynomials

1. The big q-Jacobi polynomials

Pn(x ; a, b, c; q) = 3F2

(
q−n, abqn+1, x

aq, cq
; q, q

)
2. These polynomials for standard parameters are orthogonal

〈uBqJ, pq〉 :=

∫ aq

cq

(a−1x , c−1x ; q)∞
(x , bc−1x ; q)∞

p(x)q(x)dqx

3. They satisfy a three-term recurrence relation:

xpn(x) = pn+1(x) + βnpn(x) + γnpn−1(x), n = 1, 2, ....

where p0(x) = 1 and p1(x) = x − β0.



The Favard Theorem

Let (pn(x)) be a polynomial sequence satisfying the recurrence
relation

xpn(x) = αnpn+1(x) + βnpn(x) + γnpn−1(x), n = 1, 2, ....

If γn 6= 0 for all n then there exists a moment linear functional L
such that (pn(x)) is orthogonal with respect to it.

The degenerate Favard Theorem

If there exists N ∈ N such that γN = 0, then there exists a two
moment linear functionals L1, L2 such that (pn(x)) is orthogonal
with respect to the bilinear form:

〈p, q〉 = L1(pq) + L2

((
T Np

)(
T Nq

))
,

where T is certain lowering operator.



1. The coefficient of the recurrence relation:

βn = 1− An − Cn, γn = An−1Cn,

where

An =
(1− aqn+1)(1− abqn+1)(1− cqn+1)

(1− abq2n+1)(1− abq2n+2)
,

and

Cn = −acqn+1 (1− qn)(1− abc−1qn)(1− bqn)

(1− abq2n)(1− abq2n+1)
.
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The limiting q → −1 process
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I q = − exp(ε)

I a = − exp(εα), b = − exp(εβ), c = − exp(εc).

I We take ε→ 0

I

lim
ε→0

(a; q)k
(a; q)k

= lim
ε→0

(− exp(εα);− exp(ε))k
(− exp(εβ);− exp(ε))k

.



The big −1 Jacobi polynomials



The Representation

I If n is even

Q(0)
n

(x ;α,β, c) = κn

(
2F1

(
−n

2 ,
n+α+β+2

2
α+1
2

;
1− x2

1− c2

)

+
n(1− x)

(1 + c)(α + 1)
2F1

(
1− n

2 ,
n+α+β+2

2
α+3
2

;
1− x2

1− c2

))
I If n is odd

Q(0)
n

(x ;α, β, c) = κn

(
2F1

(
−n−1

2 , n+α+β+1
2

α+1
2

;
1− x2

1− c2

)

−(α + β + n + 1)(1− x)

(1 + c)(α + 1)
2F1

(
−n−1

2 , n+α+β+3
2

α+3
2

;
1− x2

1− c2

))



The coefficients of the recurrence relation

β(0)
n

=


−c +

(c − 1)n

α + β + 2n
+

(1 + c)(β + n + 1)

α + β + 2n + 2
, n even

c − (c − 1)(n + 1)

α + β + 2n + 2
− (1 + c)(β + n)

α + β + 2n
, n odd

γ(0)
n

=


(1− c)2n(α + β + n)

(α + β + 2n)2
, n even

(1 + c)2(α + n)(β + n)

(α + β + 2n)2
, n odd



The Factorization

The Gauss hypergeometric function fulfills the following
factorization identity:

(−N + 1)n+N2F1

(
−n − N, a

−N + 1
; x

)
=(−N + 1)N2F1

(
−N, a
−N + 1

; x

)
× (N + 1)n2F1

(
−n, a + N

N + 1
; x

)
.

(−N + 1)N2F1

(
−N, a
−N + 1

; x

)
= (a)N(−x)N



The Factorization of the big −1 Jacobi polynomials

The Factorization of the big −1 Jacobi polynomials

For any n,N ∈ N, α, β, c ∈ C, c 6= ±1, with α = −2N − 1 or
β = −2N − 1, the following identities hold:

Q
(0)
2N+1(x ;−2N − 1, β, c) = (x2 − 1)N(x − 1),

Q
(0)
2N+1(x ;α,−2N − 1, c) = (x2 − c2)N(x + c),

Q
(0)
2N+1+m(x ;−2N − 1, β, c) = (−1)m(x2 − 1)N(x − 1)Q(0)

m
(−x ; 2N + 1, β,−c),

Q
(0)
2N+1+m(x ;α,−2N − 1, c) = (x2 − c2)N(x + c)Q(0)

m
(x ;α, 2N + 1,−c).



The property of orthogonality

Main theorem

For any N ∈ N0, c ∈ C, c 6= ±1. The following statements hold:

I The polynomial sequence
(
Q(0)

n
(x ;−2N − 1, β, c)

)
are

orthogonal with respect to the bilinear form

〈p, q〉1 = L0(p, q) + 〈u, (τ2N+1
α

p)(τ2N+1
α

q)〉.

I The polynomial sequence
(
Q(0)

n
(x ;α,−2N − 1, c)

)
are

orthogonal with respect to the bilinear form

〈p, q〉2 = L1(p, q) + 〈u, (τ2N+1
β

p)(τ2N+1
β

q)〉,

where the linear operator u is defined by

〈u, pq〉 :=
∫
[−c,−1]∪[1,c]

p(−x ;−c)q(−x ;−c)
x

|x|
(x + 1)(x2 − 1)(α−1)/2(c − x)(c2 − x2)(β−1)/2 dx,



Thank you!
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