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0. Introduction
1 The study of polynomial solutions of differential

equations of order2n (n > 1) was considered by
H.L. Krall in 1938.
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0. Introduction
1 The study of polynomial solutions of differential

equations of order2n (n > 1) was considered by
H.L. Krall in 1938.

2 The polynomial solutions of 4th order DE are
orthogonal with respect to a modification of a
linear functional,u, via the addition of one or two
delta Dirac measures.
T.H. Koornwinder, Koekoek Bro’s., F. Marcelllán, R.
Álvarez J. Petronilho and others.

3 Our main purpose is to construct theq-Krall type
orthogonal polynomials of the Hahn tableau. In
this case,Cq, is aq-classical linear functional.
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1. Preliminaries
1 We start withq-classical linear functional

〈Cq, P 〉 =
b−1∑

s=a

P (x(s))ρ(s)∆x(s − 1
2
), x(s) = q±s.

σ(s + 1)ρ(s + 1) = ρ(s)(σ(s) + τ(s)∆x(s − 1
2
).

Limit relations betweenq-Krall type orthogonal polynomials – p. 3/12



1. Preliminaries
1 We start withq-classical linear functional

〈Cq, P 〉 =
b−1∑

s=a

P (x(s))ρ(s)∆x(s − 1
2
), x(s) = q±s.

σ(s + 1)ρ(s + 1) = ρ(s)(σ(s) + τ(s)∆x(s − 1
2
).

2 Theq-polynomials satisfy a SODE, a TTRR
xPn = αnPn+1 + βnPn + γnPn−1,

and the structure relations

σ(s)
∇Pn(s)q

∇x(s)
= α̃nPn+1(s)q + β̃nPn(s)q + γ̃nPn−1(s)q,

[
σ(s) + τ(s)∆x(s −

1
2

] ∆Pn(s)q

∆x(s)
= α̂nPn+1(s)q + β̂nPn(s)q + γ̂nPn−1(s)q,
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1. Preliminaries
3 The Christoffel-Darboux formula

Kn(s1, s2) :=
n∑

m=0

Pm(s1)qPm(s2)q

d2
m

=
αn

d2
n

Pn+1(s1)qPn(s2)q − Pn+1(s2)qPn(s1)q

x(s1) − x(s2)
,

Limit relations betweenq-Krall type orthogonal polynomials – p. 4/12



1. Preliminaries
3 The Christoffel-Darboux formula

Kn(s1, s2) :=
n∑

m=0

Pm(s1)qPm(s2)q

d2
m

=
αn

d2
n

Pn+1(s1)qPn(s2)q − Pn+1(s2)qPn(s1)q

x(s1) − x(s2)
,

4 If σ(s0) = 0, then

Kn−1(s, s0) =
Pn(s0)q

d2
n

(
γ̃n

γn
−

α̃n

αn

)
[

α̃n

αn

Pn(s)q −
σ(s)

x(s) − x(s0)

∇Pn(s)q

∇x(s)

]
.
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3 The Christoffel-Darboux formula

Kn(s1, s2) :=
n∑

m=0

Pm(s1)qPm(s2)q

d2
m

=
αn

d2
n

Pn+1(s1)qPn(s2)q − Pn+1(s2)qPn(s1)q

x(s1) − x(s2)
,

4 If σ(s0) = 0, then

Kn−1(s, s0) =
Pn(s0)q

d2
n

(
γ̃n

γn
−

α̃n

αn

)
[

α̃n

αn

Pn(s)q −
σ(s)

x(s) − x(s0)

∇Pn(s)q

∇x(s)

]
.

5 If σ(s0) + τ(s0)∇x1(s0) = 0, then

Kn−1(s, s0) =
Pn(s0)q

d2
n

(
γ̂n

γn
−

α̂n

αn

)
[

α̂n

αn

Pn(s)q −
σ(s) + τ(s)∇x1(s)

x(s) − x(s0)

∆Pn(s)q

∆x(s)

]
.

⋄ Kn(s) := Kn(s, s).
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2. The Hahn Tableau
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3. The q-Krall type OP
¬ Let C be aq-classical linear functional (d2

0
= 1)

〈U , P 〉 := 〈C, P 〉 + AP (x0) + BP (x1), A,B ≥ 0,
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3. The q-Krall type OP
¬ Let C be aq-classical linear functional (d2

0
= 1)

〈U , P 〉 := 〈C, P 〉 + AP (x0) + BP (x1), A,B ≥ 0,

P̃ A,B
n (s)q := Pn(s)q − AP̃ A,B

n (x0)qKn−1(x, x0) − BP̃ A,B
n (x1)qKn−1(x, x1).
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3. The q-Krall type OP
¬ Let C be aq-classical linear functional (d2

0
= 1)

〈U , P 〉 := 〈C, P 〉 + AP (x0) + BP (x1), A,B ≥ 0,

P̃ A,B
n (s)q := Pn(s)q − AP̃ A,B

n (x0)qKn−1(x, x0) − BP̃ A,B
n (x1)qKn−1(x, x1).

¬ Existence of The polynomialsPA,B
n (s)q

det


 1 + AKn−1(x0) BKn−1(x0, x1)

AKn−1(x1, x0) 1 + BKn−1(x1)


 6= 0 ∀n ∈ N.
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3. The q-Krall type OP
¬ Let C be aq-classical linear functional (d2

0
= 1)

〈U , P 〉 := 〈C, P 〉 + AP (x0) + BP (x1), A,B ≥ 0,

P̃ A,B
n (s)q := Pn(s)q − AP̃ A,B

n (x0)qKn−1(x, x0) − BP̃ A,B
n (x1)qKn−1(x, x1).

¬ Existence of The polynomialsPA,B
n (s)q

det


 1 + AKn−1(x0) BKn−1(x0, x1)

AKn−1(x1, x0) 1 + BKn−1(x1)


 6= 0 ∀n ∈ N.

¬ One mass Case:B = 0

P̃A
n (s)q = Pn(s)q − AP̃A

n (x0)qKern−1(x, x0).
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4. The Big q-Jacobi polynomials
¬ Theq-classical linear functional

〈CBqJ , P 〉 :=

∫ aq

cq

P (x)ρ(x)dqx, 0 < a, b < q−1, c < 0,

ρ(x) =
1

aq(1 − q)

(aq, bq, cq, abc−1q, a−1x, c−1x; q)∞
(q, abq2, a−1c, ac−1q, x, bc−1x; q)∞

,

d2
n =

(1 − abq)(q, bq, abc−1q; q)n

(1 − abq2n+1)(aq, abq, cq; q)n

(
−acq

n+3
2

)n

.

σ(s) = q−1(x−aq)(x−cq), σ(s)+τ(s)∇x1(s) = aq(x−1)(bx−c),
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P (x)ρ(x)dqx, 0 < a, b < q−1, c < 0,

ρ(x) =
1

aq(1 − q)

(aq, bq, cq, abc−1q, a−1x, c−1x; q)∞
(q, abq2, a−1c, ac−1q, x, bc−1x; q)∞

,

d2
n =

(1 − abq)(q, bq, abc−1q; q)n

(1 − abq2n+1)(aq, abq, cq; q)n

(
−acq

n+3
2

)n

.

σ(s) = q−1(x−aq)(x−cq), σ(s)+τ(s)∇x1(s) = aq(x−1)(bx−c),

⋄ The mass points:x0 = aq andx1 = 1.
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5. Case q-Jacobi-Koornwinder
⋄ We add 2 mass points at the end-points of the

interval of orthogonality.x0 = aq, x1 = cq.
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5. Case q-Jacobi-Koornwinder
⋄ We add 2 mass points at the end-points of the

interval of orthogonality.x0 = aq, x1 = cq.

⋄ Theq-Jacobi-Koornwinder polynomials:

P̃ A,B
n (x; a, b, c; q) = (1−(1−q−n)An)Pn(x; a, b, c; q)+(1−q−1)Bn(x)Dq−1Pn(x; a, b, c; q).
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5. Case q-Jacobi-Koornwinder
⋄ We add 2 mass points at the end-points of the

interval of orthogonality.x0 = aq, x1 = cq.

⋄ Theq-Jacobi-Koornwinder polynomials:

P̃ A,B
n (x; a, b, c; q) = (1−(1−q−n)An)Pn(x; a, b, c; q)+(1−q−1)Bn(x)Dq−1Pn(x; a, b, c; q).

⋄ We can write as basic hypergeometric series

P̃ A,B
n (x; a, b, c; q) = D̃n(x) 5ϕ4


 q−n , abqn+1 , q1−α1 , q1−α2 , x

aq2 , cq2 , q−α1 , q−α2

q; q


 ,

where

D̃n(x) =
aq(1 − (1 − q−n)An)(1 − qα1 )(1 − qα2 )

(1 − aq)(1 − cq)

[
cq +

bBn(x)

1 − (1 − q−n)An

]
.

(1 − aqk+1)(1 − cqk+1) + B̃n(x)(1 − abqn+k+1)(1 − q−n+k) = 0.
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6. Case Big q-Jacobi Krall
⋄ We add 2 mass points.x0 = aq, x1 = 1.
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6. Case Big q-Jacobi Krall
⋄ We add 2 mass points.x0 = aq, x1 = 1.

⋄ The Bigq-Jacobi Krall polynomials:

P̂
A,B
n (x; a, b, c; q) = (1 − (1 − q−n)Ân(AP̂n(aq) + BP̂n(1)Cn))Pn(x; a, b, c; q)+

Ân(1 − q−1)AP̂n(aq)(x − cq)Dq−1Pn(x; a, b, c; q)+

Ân(q − 1)BP̂n(1)Cn(bx − c)DqPn(x; a, b, c; q),
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6. Case Big q-Jacobi Krall
⋄ We add 2 mass points.x0 = aq, x1 = 1.

⋄ The Bigq-Jacobi Krall polynomials:

P̂
A,B
n (x; a, b, c; q) = (1 − (1 − q−n)Ân(AP̂n(aq) + BP̂n(1)Cn))Pn(x; a, b, c; q)+

Ân(1 − q−1)AP̂n(aq)(x − cq)Dq−1Pn(x; a, b, c; q)+

Ân(q − 1)BP̂n(1)Cn(bx − c)DqPn(x; a, b, c; q),

⋄ We can write as basic hypergeometric series

P̂ A,B
n (x; a, b, c; q) = D̂n(x) 6ϕ5


 q−n , abqn+1 , q1−β1 , q1−β2 , q1−β3 , x

aq2 , cq2 , q−β1 , q−β2 , q−β3

q; q


 ,
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7. One mass point cases
• Big q-Laguerre Krall can be represented as5 ϕ4.

• Little q-Jacobi Krall can be represented as4 ϕ3.

• q-Meixner-Krall can be represented as3 ϕ2.

• Al-Salam Carlitz Krall I can be represented as
4 ϕ3.

• Little q-Laguerre Krall can be represented as
3 ϕ2.

• q-Charlier Krall can be represented as3 ϕ2.

• Stieltjes-Wigert Krall can be represented as2 ϕ2.
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8. Algebraic properties
¬ Theq-Krall type OP satisfy a SODE

f(n, s)y(s + 1) + g(n, s)y(s) + h(n, s)y(s − 1) = 0.
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8. Algebraic properties
¬ Theq-Krall type OP satisfy a SODE

f(n, s)y(s + 1) + g(n, s)y(s) + h(n, s)y(s − 1) = 0.

¬ a Three Terms recurrence relation

x(s)P̃ A
n (x(s))q = αA

n P̃ A
n+1(x(s))q + βA

n P̃ A
n (x(s))q + γA

n P̃ A
n−1(x(s))q,
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8. Algebraic properties
¬ Theq-Krall type OP satisfy a SODE

f(n, s)y(s + 1) + g(n, s)y(s) + h(n, s)y(s − 1) = 0.

¬ a Three Terms recurrence relation

x(s)P̃ A
n (x(s))q = αA

n P̃ A
n+1(x(s))q + βA

n P̃ A
n (x(s))q + γA

n P̃ A
n−1(x(s))q,

¬ The structure relations.
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Conclusions, remarks
⋄ We can apply the a similar method that R.

Álvarez and F. Marcellan applied in the
continuous case obtaining an analogous results in
theq-discrete case.
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Conclusions, remarks
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Álvarez and F. Marcellan applied in the
continuous case obtaining an analogous results in
theq-discrete case.

⋄ No simple relation between the number of mass
points added in the original classical measure and
the number of parameters added in the basic
hypergeometric series.
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theq-discrete case.
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points added in the original classical measure and
the number of parameters added in the basic
hypergeometric series.

• O.P.: Find a higher order difference equation
whose solutions are theq-Krall type OP.
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∗∗ THANKS FOR YOUR ATTENTION. **
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