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Classical Orthogonal Polynomials

Let (P,) be a polynomial sequence and u be a functional.

©

©

Property of orthogonality

(U, PoPp) = d28n m-

©

Distributional equation:
2(¢u) = pu, degy > 1, degg < 2.
o Three-term recurrence relation:
XPn(x) = anPni1(x) + BnPn(x) + YnPnr1(x)-

o COP: Jacobi, Hermite, Laguerre, Bessel.
Discrete-COP: Hahn, Racah, Meixner, Krawtchouk, Charlier,
Askey-Wilson, g-Racah, g-Hahn, Al Salam Carlitz I, Il, etc.
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Favard’'s theorem

Let (pn)nen, generated by the TTRR

xpn(x) = pnt1(x) + Bnpn(x) + YnPa—1(x).

Favard's theorem
If v, # 0 Vn € N then there exists a moments functional
£ : P[x] — C so that

fo (Pan) = rnén,m

with r, a non-vanishing normalization factor.
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Degenerate version of Favard's theorem. Some history

o K. H. Kwon and L. L. Littlejohn, (Lg,_k)) orthogonal w.r.t.

(F.g) = (F(0), £'(0), ..., F*D(0)Ag(0), &' (0), .. .,.g* V(o) + /0 = 0 (g (x)e .

o The Jacobi polynomials (P,(,_l’_l)) orthogonal w.r.t.

1
(7, ) = () + daf(~Dg(-1) + [ /(g (x)ok
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Degenerate version of Favard's theorem. Some history

o K. H. Kwon and L. L. Littlejohn, (Lg,_k)) orthogonal w.r.t.

(F.g) = (F(0), £'(0), ..., F*D(0)Ag(0), &' (0), .. .,.g* V(o) + /0 = 0 (g (x)e .

o The Jacobi polynomials (P,(,_l’_l)) orthogonal w.r.t.

1
(7, ) = () + daf(~Dg(-1) + [ /(g (x)ok
o These examples suggest that COP with non-classical
parameters can be provided with a orthogonality of
Sobolev-type.
o Furthermore F. Marcellan and J.J. Moreno-Balcazar pointed
out that a Sobolev-Askey tableau should be established.
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Degenerate version of Favard's theorem. The preliminaries

o Let 7 : P[x] — P[x] be a linear operator such that
o deg 7i(p) =degp—1
e The monic polynomials sequence (p, 1) defined by

Pn,1 = const.. 7 (pnt1),
fulfill the TTRR
xpn.1(X) = Pnt1,1(X) + Bn,1Pn1(X) + Yn1Pn—1,1(x)

so that there exists A : {y,1 = 0} = {7, = 0} strictly
increasing with A\(n) > n.
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Degenerate version of Favard's theorem. The preliminaries

o Let 7 : P[x] — P[x] be a linear operator such that
o deg 7i(p) =degp—1
e The monic polynomials sequence (p, 1) defined by

Pn,1 = const.. 7 (pnt1),
fulfill the TTRR
xpn,1(x) = Pntr1,1(x) + Bn1pn1(X) + Vn,1Pn—1,1(x)

so that there exists A : {y,1 = 0} — {7, = 0} strictly
increasing with A\(n) > n.

(pn,1) is orthogonal with respect to some moments functional .%. l
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The iterative process

Q Pn i := const. Tu(Pnt1k-1) = = const.ﬂ(k)(p,prk).
Q xpnk(X) = Pnt1,k(X) + BnkPrk(X) 4 Yo kPn—1,k(X)

9 gk(pm,kp,,,k) =0 for n 75 m.
Q The first n such that v, = 0 (if it exists) verifies n < N — k.
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The iterative process

Q Pni := const. Tu(Pnt1hk-1) = = const.ﬂ(k)(p,prk).
Q xpnk(X) = Pnt1,k(X) + BnkPrk(X) 4 Yo kPn—1,k(X)

Q ,iﬂk(pm,kpn,k) =0 for n 75 m.
Q The first n such that v, x = 0 (if it exists) verifies n < N — k.

Suppose that only vy = 0, then (p,) is a MOPS with respect to

(f,g) = %(feg) + (T M(F)T7M(g)).

Notice v,y # 0 for all n € N.
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Degenerate version of Favard's theorem

Corollary

If A= {n:~, =0}, then (p,) is a MOPS with respect to

(f.g) = Z(fz) + > _ L(79V(F) 70 (g)),
jeo

being o7 = {No, Ny, ...} with N1 = N; +min{n: v, n, = 0}.
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The operator 7

@ Among all the possible choices the linear operator .7 can be
chosen as The “Associating operator”

T(P)x) = % (P(XX) ”(t))
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The operator 7

@ Among all the possible choices the linear operator .7 can be
chosen as The “Associating operator”

T(P)x) = % (P(XX) ”(t))

QA s If (p,) is classical, then . is
o the derivative, or
o a difference operator.
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The operator 7

@ Among all the possible choices the linear operator .7 can be
chosen as The “Associating operator”

T(P)x) = % (P(XX) ”(t))

QA s If (p,) is classical, then . is
o the derivative, or
o a difference operator.

O And now ... the example.
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The Askey-Wilson polynomials. Basic properties

The monic ones are p,(x; a, b, c,d; q) = pp(x)

pn+1(X) = (X - Bn)pn(X) - 7npn—1(X)a
with

Yn (1 — abg"~1)(1 — acq"~1)(1 — adg"~!)(1 — beg")(1 — bdg")(1 — cdg" 1)

1—gq" 4(1 — abcdg?n—3)(1 — abcdq?—2)2(1 — abcdg?n—1)

Case abcd € {g~% : k € Np} are not considered since they are not
normal.

They are symmetric with respect to any rearrangement of the
parameters a, b, c, d.

{neN:y,=0#£0 < ab,ac,...,cd € {g7%: k e No}

<= they are g-Racah.

Charla seminario UAH 2012

R. S. Costas-Santos : OLD AND NEW RESULTS ON SOBOLEV AND SEMICLASSICAL ORTHOGONAL POLYNOMIALS



Orthogonality of AW polynomials for |g| < 1

z+ z71 z+ z71
/ Pn ( 5 ) Pm ( > ) W(Z)dz = dn(sn,m
C
where

° W is analytic in C except at the poles 0,
k gk kg k
aq”,bg",cq”,dg* k €Ny (the convergent poles)

(aq) %, (bq)™*,(cq)™*,(dg)™® k eNgy (the divergent poles)

. C is the unit circle deformed to separate the convergent
form the divergent poles.

Charla seminario UAH 2012

R. S. Costas-Santos : OLD AND NEW RESULTS ON SOBOLEV AND SEMICLASSICAL ORTHOGONAL POLYNOMIALS



The 3 key cases

o Case |: a> = g~ N*1 and

b2, c2,d?, ab, ac,ad, bc,bd,cd & {q % : k € Ny}
o Case ll: ab= g~N*1 and

a%,b%,c2, d?, ac,ad, be,bd, cd & {q~ " : k € Ny}

o Case lll: ab= g~ N+t 22 = g=M with M € {0,1,...,N — 2}
and

b?,c2,d? ac,ad, be,bd,cd & {q~* : k € Ny}
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Orthogonality of AW polynomials for |g| > 1

o |g| > 1: By using the identity
pn(x;a,b,c,d|q™) = pa(x;a 1, b7, c 7t d 7 q)
o |g| =1: If g =exp(2Mn/N 1), then vy =0,j € N.

e Spiridonov and Zhedanov found %
e Forn>N

7" pn(x; a,b, ¢,d|q) = po-n((—1)"x; a, b, ¢, d|q).

o Z(p(:) = ZL(p((-DM.)

o For the rest of the values of g the result keeps unknown.
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Semiclassical Orthogonal Polynomials

Let (P,) be a polynomial sequence and u be a functional.

©

©

Property of quasi-orthogonality of order §
(U, PoPm) =0 1|n—m|>6, Ir>6 : (u,PP,_s) #0.
o Distributional equation:
D(pu) = Yu, degeh > 1.
o A 'recurrence relation’:
Po=M _1Zy ri1+ N, 227, _,.

o There is not a general classification.
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Some definitions

Admisibility
The pair of polynomials (¢,) is an admissible pair if one of the
following conditions is satisfied:

o degiy #degop—1,
e degy =dego — 1, with a, + g~ 1[n]*b; # 0, where a, and b;
are the leading coefficients of ¢ and ¢, respectively.
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Some definitions
Admisibility

The pair of polynomials (¢,) is an admissible pair if one of the
following conditions is satisfied:

o degiy #degop—1,

e degy =dego — 1, with a, + g~ 1[n]*b; # 0, where a, and b;
are the leading coefficients of i) and ¢, respectively.

Order and class of a linear functional

o := max{deg ¢ — 2,deg ) — 1}. The class of u is the min. order
from among all the adm. pairs.
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Some definitions
Admisibility

The pair of polynomials (¢,) is an admissible pair if one of the
following conditions is satisfied:

o degiy #degop—1,

e degy =dego — 1, with a, + g~ 1[n]*b; # 0, where a, and b;
are the leading coefficients of i) and ¢, respectively.

Order and class of a linear functional

o := max{deg ¢ — 2,deg ) — 1}. The class of u is the min. order
from among all the adm. pairs.

The sequence (¢x) and (ug)

Given a semiclassical functional u satisfying PE, for k € Z we
define the uy as: ux = &1 (dx_1uk_1), ug = u, do = ¢, where ¢y
is a multiple of ¢x_1.
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Results about semiclassicals OP

Let (pn) be a sequence of monic OP w.r.t. u, and ¢ pol. of degree
t. The following statements are equivalent:

O There exist three non—negative integers, o, p, and r, with
p>1l,r>c+t+1, and 0 = max{t — 2,p — 1}, s.t.

n+o n+o
Z fn uPu(Z Z Sn l/pl[/](z)
v=n—o v=n—t

where pi)(z) := [0+ 1]71(Zpns1)(2).
Q There exists a polynomial ¥, with deg) = p > 1, such that

I(¢u) =

where the pair (¢, 1) is an admissible pair.
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Semiclassical Sobolev Orthogonal Plynomials

o Let u be a semiclassical functional of order o, and let (p,) be
the monic OP sequence w.r.t. u.
o Consider the Z-Sobolev inner product defined by

(p,r)s = (u,pr) + Xu,Zp Pr), A > 0.
o Let (Q,(,A)) be the OP sequence associated with the

(2-Sobolev) inner product (-,)s which we call semiclassical
Sobolev orthogonal polynomial.
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Semiclassical Sobolev Orthogonal Plynomials

o Let u be a semiclassical functional of order o, and let (p,) be
the monic OP sequence w.r.t. u.
o Consider the Z-Sobolev inner product defined by

(p,r)s = (u,pr) + Xu,Zp Pr), A > 0.

o Let (Q,(,A)) be the OP sequence associated with the
(2-Sobolev) inner product (-,)s which we call semiclassical
Sobolev orthogonal polynomial.

For n > o_1 + H*,

n+o_1 \ n—1+o0_1
> e t@=, @+ Y . 0N),
v=n—o_1 v=n—o_1—H*

where H* := max{t_1,0_1}.
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two identities and a Theorem

Let 7 be the linear operator

S = (E DI US G- DNT - NI T,

where .# is the identity operator. Then,
<(éo_¢)p7 r>5: <U,p/r>, P, repP.
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two identities and a Theorem

Let 7 be the linear operator

S = (E DI US G- DNT - NI T,

where .# is the identity operator. Then,
<(éa_¢)p7 r>5: <U,p/r>, P, repP.

Identity 2

<(7Z— 9*25)% rys =(Z*u,p 7r), p,rel.
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two identities and a Theorem

Let 7 be the linear operator
~ A~ o~ ~
S =N AT e= e = NPT

where .# is the identity operator. Then,

(6= d)p,r)s = (u,p 7r), p,reP.

Identity 2

<(7Z— 9*25)[’7 rys =(Z*u,p 7r), p,rel.

(Zp,rys={p, Fr)s p, reP.
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The corollary
Corollary

The following relations hold
_ u=n+deg$
(@ D) @pa(2) = Y pawQ@V(2), n>H,
v=n—H
n+H »
IV = Y Onupl2), n>degd,
u:n—degg
n+H
I = Y @ Q@N(2), n>H,
v=n—H
where H := max{degi— 1,deg 5}
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A g example: g-Freud type polynomials

o The monic g—Freud polynomials, (P,), satisfies the relation
(Z2P;)(x(s)) = [n]Pa-1(x(5)) + anPn-3(x(s)), ~ n=0,

where x(s) = ¢°, with0 < g <1, Z = Z,.
o ¢(x) =1, t =0, and (P,) is orth. w.r.t. u" of class o = 2.
o 2(uif) =yu",  Z*((1+x(g - DY)ud") = gyu’,
deg) = 3.
o u9 has the following integral representation:

1
)= / R 1)K(q)1q—3q4x; ) %)
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2 =1 - (g-1)K(q)g x" s + %K(q)q*%ﬁ%/q — A1 = (¢ = DK(Q)a~ ¥ 2Dy 4.

o H:deg$=4and

n+4
(1—(q—DK(@)q x)Pa(x) = Y pihQF(x),
v=n—4
n+4
JEQF) =Y 9P ()
v=n—4
n+4
Q)= Y = (%)
v=n—4
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A 1-singular semiclassical polynomials of class 1

o This family, (S,), was studied by J.C. Medem and it is
orthogonal w.r.t. w.

o Distributional equation:

2(x°w) = (—x° + 4)w.

©

d
9 =9 = e t =3, p=2, so 0 = 1; with initial condition
(w); = (w,x) =0.

w is 1-singular.

©

©

w is the symmetrized of b(=3).

©

w has the following integral representation:

(w, P) = - / P(2)2—te 2 d
’ - 271'/ T ’
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=37 + A(4x° - 4)i . Ea
S = dx dx?’
o H:deg$=3and
n+2
X35n(X) = Q,’?+3(X) + Z /Liquf(X)v
v=n-3
n+2
SQn(x) = Sayz(x) + Y 9n,5.(x),
v=n—3
n+2
IR = Q)+ Y @, @ (%)
v=n-3
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