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Classical Orthogonal Polynomials

Let (Pn) be a polynomial sequence and u be a functional.

Property of orthogonality

〈u,PnPm〉 = d2
nδn,m.

Distributional equation:

D(φu) = ψu, degψ ≥ 1, deg φ ≤ 2.

Three-term recurrence relation:

xPn(x) = αnPn+1(x) + βnPn(x) + γnPn+1(x).

COP: Jacobi, Hermite, Laguerre, Bessel.
Discrete-COP: Hahn, Racah, Meixner, Krawtchouk, Charlier,
Askey-Wilson, q-Racah, q-Hahn, Al Salam Carlitz I, II, etc.
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Favard’s theorem

Let (pn)n∈N0 generated by the TTRR

xpn(x) = pn+1(x) + βnpn(x) + γnpn−1(x).

Favard’s theorem

If γn 6= 0 ∀n ∈ N then there exists a moments functional
L0 : P[x ] → C so that

L0(pnpm) = rnδn,m

with rn a non-vanishing normalization factor.
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Degenerate version of Favard’s theorem. Some history

K. H. Kwon and L. L. Littlejohn, (L
(−k)
n ) orthogonal w.r.t.

〈f , g〉 = (f (0), f
′
(0), . . . , f

(k−1)
(0))A(g(0), g

′
(0), . . . , g

(k−1)
(0))

T
+

∫
∞

0
f
(k)

(x)g
(k)

(x)e
−x

dx.

The Jacobi polynomials (P
(−1,−1)
n ) orthogonal w.r.t.

(f , g)1 = d1f (1)g(1) + d2f (−1)g(−1) +

∫ 1

−1
f ′(x)g ′(x)dx .

These examples suggest that COP with non-classical
parameters can be provided with a orthogonality of
Sobolev-type.

Furthermore F. Marcellan and J.J. Moreno-Balcázar pointed
out that a Sobolev-Askey tableau should be established.
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Degenerate version of Favard’s theorem. The preliminaries

Let T1 : P[x ] → P[x ] be a linear operator such that
• degT1(p) = deg p − 1
• The monic polynomials sequence (pn,1) defined by

pn,1 := const.T1(pn+1),

fulfill the TTRR

xpn,1(x) = pn+1,1(x) + βn,1pn,1(x) + γn,1pn−1,1(x)

so that there exists λ : {γn,1 = 0} → {γn = 0} strictly
increasing with λ(n) > n.

Remark

(pn,1) is orthogonal with respect to some moments functional L1.
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The iterative process

1 pn,k := const.Tk(pn+1,k−1) = · · · = const.T (k)(pn+k).

2 xpn,k(x) = pn+1,k(x) + βn,kpn,k(x) + γn,kpn−1,k(x)

3 Lk(pm,kpn,k) = 0 for n 6= m.

4 The first n such that γn,k = 0 (if it exists) verifies n < N − k .

Theorem:

Suppose that only γN = 0, then (pn) is a MOPS with respect to

〈f , g〉 = L0(fg) + LN(T
(N)(f )T (N)(g)).

Notice γn,N 6= 0 for all n ∈ N.
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Degenerate version of Favard’s theorem

Corollary

If Λ = {n : γn = 0}, then (pn) is a MOPS with respect to

〈f , g〉 = L0(fg) +
∑

j∈A

Lj (T
(j)(f )T (j)(g)),

being A = {N0,N1, . . . } with Nj+1 = Nj +min{n : γn,Nj
= 0}.
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The operator T

51 Among all the possible choices the linear operator T can be
chosen as The “Associating operator”

T (p)(x) = L0

(
p(x)− p(t)

x − t

)
.

2 If (pn) is classical, then T is
the derivative, or
a difference operator.

3 And now ... the example.
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The Askey-Wilson polynomials. Basic properties

The monic ones are pn(x ; a, b, c , d ; q) ≡ pn(x)

pn+1(x) = (x − βn)pn(x)− γnpn−1(x),

with

γn

1 − qn
=

(1 − abqn−1)(1 − acqn−1)(1 − adqn−1)(1 − bcqn−1)(1 − bdqn−1)(1 − cdqn−1)

4(1 − abcdq2n−3)(1 − abcdq2n−2)2(1 − abcdq2n−1)

Case abcd ∈ {q−k : k ∈ N0} are not considered since they are not
normal.
They are symmetric with respect to any rearrangement of the
parameters a, b, c , d .

{n ∈ N : γn = 0} 6= ∅ ⇐⇒ ab, ac , . . . , cd ∈ {q−k : k ∈ N0}

⇐⇒ they are q-Racah.
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Orthogonality of AW polynomials for |q| < 1

∫

C

pn

(
z + z−1

2

)
pm

(
z + z−1

2

)
W (z)dz = dnδn,m

where
• W is analytic in C except at the poles 0,

aqk , bqk , cqk , dqk k ∈ N0 (the convergent poles)

(aq)−k , (bq)−k , (cq)−k , (dq)−k k ∈ N0 (the divergent poles)

• C is the unit circle deformed to separate the convergent
form the divergent poles.
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The 3 key cases

Case I: a2 = q−N+1 and

b2, c2, d2, ab, ac , ad , bc , bd , cd 6∈ {q−k : k ∈ N0}

Case II: ab = q−N+1 and

a2, b2, c2, d2, ac , ad , bc , bd , cd 6∈ {q−k : k ∈ N0}

Case III: ab = q−N+1, a2 = q−M with M ∈ {0, 1, . . . ,N − 2}
and

b2, c2, d2, ac , ad , bc , bd , cd 6∈ {q−k : k ∈ N0}
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Orthogonality of AW polynomials for |q| ≥ 1

|q| > 1: By using the identity

pn(x ; a, b, c , d |q
−1) = pn(x ; a

−1, b−1, c−1, d−1|q)

|q| = 1: If q = exp(2Mπ/N I), then γjN = 0, j ∈ N.

• Spiridonov and Zhedanov found L0

• For n > N

DNpn(x ; a, b, c , d |q) = pn−N((−1)Mx ; a, b, c , d |q).

• Lj (p(�)) = L0(p((−1)M �))

For the rest of the values of q the result keeps unknown.
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Semiclassical Orthogonal Polynomials

Let (Pn) be a polynomial sequence and u be a functional.

Property of quasi-orthogonality of order δ

〈u,PnPm〉 = 0 |n −m| > δ, ∃r ≥ δ : 〈u,PrPr−δ〉 6= 0.

Distributional equation:

D(φu) = ψu, degψ ≥ 1.

A ’recurrence relation’:

Pn = Mr−1Zn−r+1 + Nr−2Zn−r .

There is not a general classification.
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Some definitions

Admisibility

The pair of polynomials (φ,ψ) is an admissible pair if one of the
following conditions is satisfied:
• degψ 6= deg φ− 1,
• degψ = deg φ− 1, with ap + q−1[n]∗bt 6= 0, where ap and bt
are the leading coefficients of ψ and φ, respectively.

Order and class of a linear functional

σ := max{deg φ− 2, degψ − 1}. The class of u is the min. order
from among all the adm. pairs.

The sequence (φk) and (uk)

Given a semiclassical functional u satisfying PE, for k ∈ Z we
define the uk as: uk = E +(φk−1uk−1), u0 = u, φ0 = φ, where φk
is a multiple of φk−1.
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Results about semiclassicals OP

Theorem 1

Let (pn) be a sequence of monic OP w.r.t. u, and φ pol. of degree
t. The following statements are equivalent:

1 There exist three non–negative integers, σ, p, and r , with
p ≥ 1, r ≥ σ + t + 1, and σ = max{t − 2, p − 1}, s.t.

n+σ∑

ν=n−σ

ξn,νpν(z) =

n+σ∑

ν=n−t

ςn,νp
[1]
ν (z),

where p
[1]
n (z) := [n + 1]−1(Dpn+1)(z).

2 There exists a polynomial ψ, with degψ = p ≥ 1, such that

D(φu) = ψu,

where the pair (φ,ψ) is an admissible pair.
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Semiclassical Sobolev Orthogonal Plynomials

Let u be a semiclassical functional of order σ, and let (pn) be
the monic OP sequence w.r.t. u.
Consider the D–Sobolev inner product defined by

〈p, r〉S = 〈u, p r〉+ λ〈u,Dp Dr〉, λ ≥ 0.

Let (Q
(λ)
n ) be the OP sequence associated with the

(D–Sobolev) inner product 〈·, ·〉S which we call semiclassical
Sobolev orthogonal polynomial.

Proposition

For n ≥ σ−1 + H∗,

n+σ−1∑

ν=n−σ−1

ξ∗n,νp
{−1}
ν (z) = Q

(λ)
n+σ−1

(z) +

n−1+σ−1∑

ν=n−σ−1−H∗

θn,ν Q
(λ)
ν (z),

where H∗ := max{t−1, σ−1}.
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two identities and a Theorem

Identity 1

Let J be the linear operator

J := (E −φ̃)I +
λ

q
(D∗φ̃− ψ̃)D∗ − λ(E −φ̃)D D∗,

where I is the identity operator. Then,

〈(E −φ̃)p, r〉S = 〈u, p J r〉, p, r ∈ P.

Identity 2

〈(ψ̃ − D∗φ̃)p, r〉S = 〈D∗
u, p J r〉, p, r ∈ P.

Theorem

〈J p, r〉S = 〈p,J r〉S p, r ∈ P.
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The corollary

Corollary

The following relations hold

(E −φ̃)(z)pn(z) =

ν=n+deg φ̃∑

ν=n−H

µn,νQ
(λ)
ν (z), n ≥ H,

JQ
(λ)
n (z) =

n+H∑

ν=n−deg φ̃

ϑn,νpν(z), n ≥ deg φ̃,

JQ
(λ)
n (z) =

n+H∑

ν=n−H

̟n,νQ
(λ)
ν (z), n ≥ H,

where H := max{deg ψ̃ − 1, deg φ̃}.
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A q example: q-Freud type polynomials

The monic q–Freud polynomials, (Pn), satisfies the relation

(DPn)(x(s)) = [n]Pn−1(x(s)) + anPn−3(x(s)), n ≥ 0,

where x(s) = qs , with 0 < q < 1, D = Dq.

φ(x) = 1, t = 0, and (Pn) is orth. w.r.t. u
qF of class σ = 2.

D(uqF ) = ψuqF , D∗((1 + x(q − 1)ψ)uqF ) = qψuqF ,
degψ = 3.

uqF has the following integral representation:

〈
u
qF ,P

〉
=

∫ 1

−1
P(x)

1

((q − 1)K (q)q−3q4x ; q4)∞
dq(x),
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Cont.

J qF
= (1 − (q − 1)K (q)q

−7
x
4
)I +

λ

q
K (q)q

−6
x
3D1/q − λ(1 − (q − 1)K (q)q

−7
x
4
)DqD1/q.

H = deg φ̃ = 4 and

(1− (q − 1)K (q)q−7x4)Pn(x) =

n+4∑

ν=n−4

µqFn,νQ
qF
ν (x),

J qFQqF
n (x) =

n+4∑

ν=n−4

ϑqFn,νPν(x),

J qFQqF
n (x) =

n+4∑

ν=n−4

̟qF
n,νQ

qF
ν (x).

Charla seminario UAH 2012

R. S. Costas-Santos : OLD AND NEW RESULTS ON SOBOLEV AND SEMICLASSICAL ORTHOGONAL POLYNOMIALS



A 1–singular semiclassical polynomials of class 1

This family, (Sn), was studied by J.C. Medem and it is
orthogonal w.r.t. w.

Distributional equation:

D(x3w) = (−x2 + 4)w.

D = D∗ =
d

dx
, t = 3, p = 2, so σ = 1; with initial condition

(w)1 = 〈w, x〉 = 0.

w is 1–singular.

w is the symmetrized of b(−
5
2
).

w has the following integral representation:

〈w,P〉 =
1

2πi

∫

T

P(z)z−4e
− 2

z2 dz .
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Cont.

J S = x3I + λ(4x2 − 4)
d

dx
− λx3

d2

dx2
.

H = deg φ̃ = 3 and

x3Sn(x) = QS
n+3(x) +

n+2∑

ν=n−3

µSn,νQ
S
ν (x),

J SQS
n (x) = Sn+3(x) +

n+2∑

ν=n−3

ϑSn,νSν(x),

J SQS
n (x) = QS

n+3(x) +
n+2∑

ν=n−3

̟S
n,νQ

S
ν (x).
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