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1. Introduction

The integral representation of special functions provides an alternative way to express these
functions in terms of integrals involving other functions. Often they involve a weight function and a
kernel function related to the specific special function being considered. The weight function appears as
a factor in the integral and reflects the orthogonality property of the associated orthogonal polynomials,
and the kernel function represents the additional dependence.

The integral representation allows us to express special functions as infinite series or integrals
involving some classical orthogonal polynomials. This connection arises from the fact that the
orthogonality condition is satisfied by classical orthogonal polynomials naturally leads to the
appearance of these polynomials in the integral representation of special functions. In this work,
we are going to consider the Hermite polynomials.

The hypergeometric functions, which have applications in many areas, including mathematical
physics and combinatorics can be represented in terms of integrals involving other hypergeometric
functions and classical orthogonal polynomials like the Jacobi, Hermite, and Laguerre polynomials,
which can be expressed as hypergeometric series (see c.f. [1] and [7, §16.5]).

For a detailed history of the subject of integral representations for hypergeometric series and basic
hypergeometric functions (which is a natural extension of the hypergeometric series), see [3] and [4,
Chapter 4].

R. Sfaxi has established in [9], by means of a linear isomorphism, the so-called intertwining
operator on polynomials, a relationship between the ordinary Hermite polynomials and their analog
nonsingular and of Laguerre-Hahn with class zero. Among others, the author has put in value an
important linear functional, namely the generalized Hermite linear functional, denoted by ¢4 (7) of index
T € C, with T # —n, n > 1, where their moments are given by

T Dok ey = o,
(@u(1)), = (Gu(1),x") = k122 (1.1)
0,ifn=2k+1,
where (a), is the Pochhammer symbol, defined as

(a)o:=1, (a)g:=a(a+1)---(a+k—-1), acC\{0}, k=123,...,

thus %};(7) is symmetric and monic, i.e., (94(7)), = 1.
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Observe that setting T = 0in (1.1) we recover the Hermite linear functional, i.e., ¥y = ¢(0), that
is well-known by its integral representation

1 e _

p) = o= [ _p)edx, peP (12)
So we can write ,

(@u(7)), = GO+ Dy, n=o1,...

(Dn

Note that the linear functional ¥y is classical since it is quasi-definite and satisfies the Pearson equation
G +2xGy = 0. (1.3)
Taking this into account the following result holds.
Lemma 1.1. Forany T € C, the linear functional () fulfills the difference equation
(2% (1)) + (2x(2 = T = 2)%u (7)) + (= 42 + (T + 1) (T +2)) %y (7) = 0.
Proof. Let T € C, if we define the linear functional &(7) as
&(t) = (*Fy (1)) + (2x(x® — T = 2)%u (7)) + (— 422 + (T + 1) (7 +2))Gu (7).

Then, for n > 0, one gets

(€(1), = =2 +2)(%u(7)),n + (M +T+2)(n+7+1)(Gu(7)),, (1.4)

Since ¥y (7) is symmetric, then (g (T))zk = 0, for every k > 0. On the other hand, setting n = 2k in
(1.4) and taking into account (1.1), we get for k > 0,

((1)y = —4(k+1) (%H(r))Zk+2 + 2k + T4+ 2)(2k + T+ 1) (Zu (7))
(T Dokn | k+1+T4+1)(2k+ T4+ 1)(T+ 1)
N K122k K122k
=0.

Therefore (&(7)), = 0foralln =0,1,.... Hence the result holds. [J

Our purpose in this work is to provide integral representations for the linear functional ¥ (1),
either on the real axis, or on the complex plane.
More precisely, the problem consists in to determinate a weight function Gy (e; ) such that

(@u(v),p) = [ pICulxT)dx, peP,

where () is an interval in the real line, or a contour in the complex plane.

The paper is organized as follows. In the next section, some preliminaries and notation. In
Sections 3 and 4, integral representations in the real line and in the complex plane, respectively, are
given. As an application of the previous results, in Section 5, some new integral representations for the
Euler Gamma function are given.

2. preliminaries and notation

Let IP be the vector space of polynomials with complex coefficients and let P’ be its dual space.
We denote by (u, f) the action of the linear functional u € P’ on the polynomial f € P. In particular,
we denote by (1), := (1, x"), n > 0, the moments of u.
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sz Definition 2.1. A linear functional u is called symmetric if (1t)2,41 = 0, foralln =0,1,..., and it is called
ss  monicif (u)g = 1.

30 In fact, for any T € C, the linear functional ¥ (7) is symmetric (see (1.1)) which allow us to
« suppose the weight function Gy (e; T) is even, i.e., it can be written as Gy (x; T) = U(|x|; T), where
o U(e; 7) is a function defined on (0, ). In fact, this is a direct consequence of the following result.

Lemma 2.2. Let .Z be a symmetric linear function having an integral representation. Then, there exists a
function U defined on (0, co) such that

) = [ pou(ax

Proof. From the assumption there exists a function L, defined on (—oo, c0), such that

(Zp) = [ _p)L(x)dx.
Let us introduce the following two functions, defined on (0, ), as follows:
L(x)—L(—x) .
L(x)+ L(— kSt 4
U(x) _ (x) 5 ( x)’ V(X) _ o , ifx 7é 0,
0, ifx=0.

A straightforward calculation gives that L(x) = U(|x|) + xV(|x|), for all x € R. Moreover, since
x?>"*+1V(|x|) is an odd function we have

(L)n= [ @iz + [~ 2V (ladx = [ a2 U(])ax

On the other hand, since .# is symmetric and x*"*1U(|x|) is an odd function, we get
(L) = [ U(xldx 0.

Therefore, for any polynomial p € P,

(L) = [ po)u(x)ax
2 O
a3 Next result related with hypergeometric functions will be useful later.
«« Lemma 2.3. [5,6] The following formulae hold:
1. If R(w) > 0and R(s) > 0, then

/ t* L Fy(aq; by t)e Stdt = % 2Fi(ay,a;b1;1/s). (2.1)
0

2. If R(c—a—10b) >0, then
I'(c)T(c—a—Db)

2RO LS = T e by 22)
where oo ( ) (b) k 0 ( ) k
o '_Eak k% biz) =Y a)k z
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In the sequel we will denote by H(x) the Hermite function (of degree T), which can be represented
in terms of the confluent hypergeometric function 1 F; as follows [6]:

_ e T(3) Tl e L(=2) o (1-13 ,
HT(x)—ZF(lg )1F1( 5/ >+2 (= )1F1< 5 ,2,x>. (2.3)

3. Integral representation on R

N\r~l N\»—l

In the following result, we present a new definite integration formulae involving the Hermite
functions.

Lemma 3.1. Forany (z,7) € C?, with R(z) > —1, the following formulae hold:

© e VR T+
./0 x*H(x)e dx_ZZ*T+1F(%+1)’ (3.1)

*© z —x? \/7 (Z 1)
[ R dx = X et (3.2)

Proof. Since the function |x|"H( |x|)e_"2 is even, then it is enough to prove (3.1).
Let us fix T € C, with R(7) > —1. For any z € C, with —1 < R(z) < R(7), let us consider the

following integral:
A(z) ::/ xZHT(x)e_xzdx.
0

Using (2.3), the previous integral can be written as

I1(z) +27r(—%) Q(z), (3.3)

where

By changing the variable of integration, by setting t = x2, and using (2.1), withs =1,a = (z+1)/2,
a1 = —71/2,and by = 1/2, we obtain

1 z+1 Tz+11
H(Z)_2F< 5 >2F1 (—2,2 ;2;1>.

Again, with (2.1), wheres =1, 0 = (z+2)/2,a1 = (1 — 7)/2,and b; = 3/2, we get

1 z4+2 1—-1t z+2 3
Q(z):zl"( > >2F1< A ;2;1).

Since R(z) < R(7), by using (2.2) I1(z) and Q(z) can be written as
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Therefore, taking into account I'()? = —TI'(—1)T'(3) = 7, the expression (3.3) can be rewritten as
follows: )
27 AT (T52)
A(z) = 2~ (U(z,7)-U(z+1,T+1)),
TEEal )
where

U(z,7) = — i =1
HOr;o)
Using the duplication formula
s
F(u)r(l—u) =
(w)0(1 =) sin(7tu)
a straightforward calculation leads to
cos(571) sin(57)
U(z,1) = —2—, U(z+1,1+1)=—2+.
z7) cos(5z) (z+17+1) sin(5z)
Then,
Az) = — 2°nT(55%) sin (5 (1 —2))

I(-%)r(2) sin(nz)

so, by using the Gauss-Legendre multiplication formula,
T(u)T(u+ 1) =272/ T(2u),

and, again, with the duplication formula, we get

Az) = .
22_T+1 F(l + ZT)

For this proof we assumed the conditions —1 < R(z) < R(7), then the integral A(z) converges
exponentially to zero when T — co. Hence, by analytic continuation, (3.3) is valid for each (T, z) € C?,
with R(z) > -1. O

Remark 3.2. Note that the above result also covers the z = T case. In fact, if T =0, 1, ... this identity
represents the property of orthogonality for the monic Hermite polynomials.

As a consequence we have the following result:

Corollary 3.3. Forany T € C, with R(t) > —1, then the following formulae hold:

~ 2n+T —x? _ \/E F(ZTI—FT—l—l)

/0 X" Hy(x)e ¥ dx = 2 Tnt1) (3.4)
® it 2, \/raT(2n+1+1)

/_wx e (3.5)

Theorem 3.4. Forany T € C, with R(7t) > —1, then the linear functional 4y (7) has the following integral

representation:
1 b 2
)= = 'H “dx, P, .
n(0),) = iy | PO He (e Pan, pe (36)

where Hy is the Hermite function (of degree T).
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Proof. Due the equation (1.1) and corollary 3.3, then

(T4 1) T@n4T+1)
oni22n 22T (n+ 1T (T +1)

1 n T —X
= T J I Hee

1 100 .2
(@u(1)),,,, =0= =TT /_oo X2 |3 THe (|x] e dx.

(gH(T))Zn

Therefore, one has

1 b 2
(“45(0), = D) /W ¥ THe(Jx))e Fdx,  n=0,1,...
Consequently, for any polynomial p € P,

(“u(1),p) = p(x)|x|THe (|x])e* dx.

1 00
\/EF(T + 1) /—oo
56 D

Observe that if we set n = 0 in (3.4) we get a new integral representation for the Euler Gamma
function. In fact, for any 7 € C, with R(1) > —1,

Mt = / ¥ Hy(x)edx, 3.7)

I(t+1) |x|"He (|x])e ™ dx. (3.8)

-l
s7 4. Integral representation on the complex plane
ss Theorem 4.1. Forany T € C, the following identities hold:
i)
/C1 M TH(|g])e S dg =0, n=0,1,...

ii) Forany n € N, so that T 4+ 2n + 1 is not a negative integer, we have

- 2., /ATQRn+1+1) _
o, @l (gheag = —HEEEEESS, w01,
s where Cq is the following contour in the complex plane:
y
/1N
-« -~ e @@ x

60 I

a1 Proof. We deform C; into a contour C; consisting of two straight lines and a circle as follows:
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arg(()=0

where ¢y := {{ € C: ¥({) > 0,|C| = €}, being € > 0.
Now, for each integer n > 0 and T € C, we define

[ el Hzhe g = [ gnigH(2he Fag
+ el H e g+ [ T Heele Pt
0% —€
So, if R(t) > —n — 1, after a direct computation, we get

[ DT = — [ e
tim [ gE[He(gNe FdL = —(<1)" [ He(x)e  dx,

For the middle integral, we obtain

/g |€|THT |Z dé—‘ ’/ n lnG TH ) —g2¢20 ei9d9
<€n+8%(1’)+1/ |HT(€)|6—€2COS(29)d9,
0

knowing that Hr(0) = 27y/7t/T(15%), it is straightforward to see that
lim [ 121" He(|¢)e¥'dg = 0.
e—0 0%

Therefore, for each n > 0 and 7 € C, such that (1) > —n — 1, we have

Ii(t) = —((-1)" +1) /0°° YU H (x)e dx.

Then I, +1(7) = 0 for all n > 0. Notice that for the proof of i) we assumed £(7) > —n — 1, but the
integral converges exponentially when T — oo, and therefore it exists for all 7. Hence i) holds by
analytic continuation for any T € C.

On the other hand, by using (3.4), it follows that

I W/ rT(@2n+1+1)
21 (T) —_ﬁw

Hence ii) holds, for the same reason already quoted and by analytic continuation of T € C, except
when 21 + T 4 1 is a negative integer, where the function I is undefined. [

As a consequence, we have the following result.

Theorem 4.2. For any T € C, with —t ¢ N, then the linear functional 4y () has the following integral
representation:

G(€),) = = iy Jo, PO Helx)e ds, p e, @

where Hy is the Hermite function (of degree T).
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Using an analog idea allows us to formulate another integral representation for the gamma
function in the complex plane, by using a different contour.

Theorem 4.3. Forany v € C, with —t ¢ N, then the Euler’s Gamma function satisfies the following integral

representation:

_ 2 T —g?
I'(t+1) = m/cé Hc(Z)e " dg, (4.2)

where C is the following contour in the complex plane:

Proof. We deform C into a contour C consisting of two straight lines and a circle as follows:

/ \ arg(@)=0
| -

/ arg({)=2m

N

We let ,
J() = L He(©)e g

Then
_ € T 7§2 T 7C2 *© T 7§2
1@ = [ CHe@e Tt [ cHe@e Cag s [Tt far,

and if (1) > —1 in a direct way we obtain

lim /e (THe(Q)e $dg = f?F(Tle),

e—0

lim /oo CTH(Q)e 4 dg :eZ”iTgl"(T+1).

e—0

For the middle integral we obtain

2 , , 0
TH- e = § ee'®)THy (e e cieif dp
. C"H-(C 4
(=€ 0
< €§R(T)+l /2717 |H~( (€€i6)|37€2 cos(29)79(%(r)+1) de,
o 0

thus
lim {THe(Q)e $dg = 0.

e—0 ‘a:e
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Finally
J(1) = (2™ — 1)?1"(7 +1),

hence the result holds. In the proof we have assumed that %(7) > —1, but the integral (4.2) converges
exponentially at infinity, and therefore it exists for all 7. In fact, by analytic continuation the result is
valid for every complex T, except for the negative integers, where the denominator vanishes. O

In addition, from the last representation, we obtain the following one:

1

Mr+1) = iv/msin(mT) .

[orH@eCa.
In the last result we show a representation for the reciprocal of I'(T +1).

Theorem 4.4. 1

I(t+1)

This representation is valid for all T and C is the same contour as in the previous theorem.

= —ir (=0 THa (@) Vg,

Proof. By the last representation, one has

1 1t 2
I(-1)= W/C(—g) ! H_1_+(C)e gd@
Ir(t+1)I'(-71)

3
1712

L0 A (@) Far.

This leads to the desired result. [

5. Conclusions

We have obtained integral representations of a generalized linear Hermite functional, which is
among the natural extensions of the linear Hermite functional, and using the fact this linear functional
is symmetric, i.e., the odd moments associated with this functional are zero, and also the fact that some
hypergeometric representations associated with the Hermite polynomials are known. Observe that
this can be done for other symmetric classical orthogonal polynomials. Moreover, we have obtained an
integral representation for the generalized linear Hermite functional in the complex plane, and from
this integral representation, we are able to obtain a novel integral representation for the Euler Gamma
function.

Of course, this method can be applied not only to other (symmetric) classical orthogonal
polynomials but to any other symmetric orthogonal polynomial sequence for which a hypergeometric
representation is known for them. This is something we should do in order to obtain novel integral
representations for other Special functions, for example we could consider some other generalization for
the Hermite linear functional as well as some Laguerre-Hahn, or semi-classical, orthogonal polynomials
(see e.g., [2,8] and the references therein).
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