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Abstract. One may consider the generalization of Jacobi polynomials and the Jacobi func-
tion of the second kind to a general function where the degree is allowed to be a complex
number instead of a non-negative integer. These functions are referred to as Jacobi func-
tions. In a similar fashion as associated Legendre functions, these break into two categories,
functions which are analytically continued from the real line segment (−1, 1) and those
analytically continued from the real ray (1,∞). Using properties of Gauss hypergeomet-
ric functions, we derive multi-derivative and multi-integral representations for the Jacobi
functions of the first and second kind.
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1 Preliminaries

Throughout this paper we adopt the following set notations: N0 := {0} ∪ N = {0, 1, 2, 3, . . .},
and C represents the complex numbers. The rising factorial (Pochhammer symbol) for a ∈ C,
n ∈ N0 is given by [11, (5.2.4), (5.2.5)] (a)n := (a)(a+ 1) · · · (a+ n− 1). The gamma function
[11, Chapter 5] is related to the rising factorial, namely for a ∈ C \ −N0, one has

(a)n =
Γ (a+ n)

Γ (a)
, (1)

which allows one to extend the definition to non-positive integer values of n. Some other prop-
erties of rising factorials which we will use are (n, k ∈ N0, n ≥ k)

Γ (a− n) =
(−1)nΓ (a)

(1− a)n
, (2)

(−n)k =
(−1)kn!

(n− k)!
. (3)

One also has the following expression for the generalized binomial coefficient for z ∈ C, n ∈ N0
[11, (1.2.6)](

z

n

)
=

(−1)n(−z)n
n!

. (4)
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We will also use the common notational product convention, al ∈ C, l ∈ N, r ∈ N0, e.g.,

(a1, . . . , ar)k := (a1)k(a2)k · · · (ar)k, (5)

Γ (a1, . . . , ar) := Γ (a1) · · ·Γ (ar). (6)

The generalized hypergeometric function [11, Chapter 16] is defined by the infinite series [11,
(16.2.1)]

rFs

(
a1, . . . , ar
b1, . . . , bs

; z

)
:=

∞∑
k=0

(a1, . . . , ar)k
(b1, . . . , bs)k

zk

k!
, (7)

where bj ̸∈ −N0, for j ∈ {1, . . . , s}; and elsewhere by analytic continuation. Further define

Olver’s (scaled or regularized) generalized hypergeometric series

rFs

(
a1, . . . , ar
b1, . . . , bs

; z

)
:=

1

Γ (b1, . . . , bs)
rFs

(
a1, . . . , ar
b1, . . . , bs

; z

)
=

∞∑
k=0

(a1, . . . , ar)k
Γ (b1+k, . . . , bs+k)

zk

k!
, (8)

which is entire for all al, bj ∈ C, l ∈ {1, . . . , r}, j ∈ {1, . . . , s}. Both the generalized and Olver’s

generalized hypergeometric series, if nonterminating, are entire if r ≤ s, convergent for |z| < 1
if r = s+ 1 and divergent if r ≥ s+ 1.

The Gauss hypergeometric function 2F1 has many useful and interesting properties. For
instance it satisfies several useful derivative relations which we will rely upon. These are given
by cf. [11, (15.5.2), (15.5.4), (15.5.6), (15.5.9)]

dn

dwn 2F1

(
a, b

c
;w

)
= (a)n(b)n 2F1

(
a+n, b+n

c+n
;w

)
, (9)

dn

dwn
wc−1

2F1

(
a, b

c
;w

)
= wc−n−1

2F1

(
a, b

c−n
;w

)
, (10)

dn

dwn
(1− w)a+b−c

2F1

(
a, b

c
;w

)
= (c− a)n(c− b)n(1− w)a+b−c−n

2F1

(
a, b

c+n
;w

)
, (11)

dn

dwn
wc−1(1− w)a+b−c

2F1

(
a, b

c
;w

)
= wc−n−1(1− w)a+b−c−n

2F1

(
a−n, b−n

c−n
;w

)
. (12)

The Jacobi polynomial and many of the other special functions which we will study in this
paper are given in terms of a terminating Gauss hypergeometric function. In particular, one of
the most important classical orthogonal polynomials, the Jacobi polynomial, is defined as [11,
(18.5.7)]

P (α,β)
n (x) :=

(α+ 1)n
n! 2F1

(
−n, n+ α+ β + 1

α+ 1
;
1−x

2

)
. (13)

2 Definitions and properties of the Jacobi functions

Jacobi functions are complex solutions w = w(z) = w(α,β)
γ (z) to the Jacobi differential equation

[11, Table 18.8.1]

(1− z2)
d2w

dz2
+ (β − α− z(α+ β + 2))

dw

dz
+ γ(α+ β + γ + 1)w = 0, (14)

which is a second order linear homogeneous differential equation. Jacobi functions of the first
and second kind are solutions to the Jacobi differential equation (14) which are regular as |z| → 1
and |z| → ∞ respectively. There are several important references for Jacobi functions such as
[5, Section 10.8], and [2, 3, 6, 9, 10, 12, 13].
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2.1 The Jacobi function of the first kind

The Jacobi function of the first kind is a generalization of the Jacobi polynomial where the degree
is no longer restricted to be an integer. In the following section we provide some important
properties for the Jacobi function of the first kind.

2.1.1 Single Gauss hypergeometric representations

In the following result we present the four single Gauss hypergeometric function representations
of the Jacobi function of the first kind.

Theorem 2.1. Let α, β, γ ∈ C such that α+γ ̸∈ −N. Then the Jacobi function of the first kind
P (α,β)
γ : C\(−∞,−1] → C has the following single Gauss hypergeometric function representations

P (α,β)
γ (z) =

Γ (α+ γ + 1)

Γ (γ + 1) 2F1

(
−γ, α+ β + γ + 1

α+ 1
;
1− z

2

)
(15)

=
Γ (α+ γ + 1)

Γ (γ + 1)

(
2

z + 1

)β

2F1

(
−β − γ, α+ γ + 1

α+ 1
;
1− z

2

)
(16)

=
Γ (α+ γ + 1)

Γ (γ + 1)

(
z + 1

2

)γ

2F1

(
−γ,−β − γ

α+ 1
;
z − 1

z + 1

)
(17)

=
Γ (α+ γ + 1)

Γ (γ + 1)

(
2

z + 1

)α+β+γ+1

2F1

(
α+ γ + 1, α+ β + γ + 1

α+ 1
;
z − 1

z + 1

)
. (18)

Proof. Start with (13) and replace the rising factorial by a ratio of gamma functions using
(1) and the factorial n! = Γ (n + 1) and substitute n 7→ γ ∈ C, x 7→ z. Application of Pfaff’s
(z 7→ z/(z − 1)) and Euler’s (z 7→ z) transformations [11, (15.8.1)] provides the other three
representations. This completes the proof. ■

One of the consequences of the definition of the Jacobi function of the first kind is the following
special value:

P (α,β)
γ (1) =

Γ (α+γ+1)

Γ (α+1)Γ (γ+1)
, (19)

where α+ γ ̸∈ −N.

2.2 The Jacobi function of the second kind

Studies of the Jacobi function of the second kind Q(α,β)
γ traditionally used a degree γ which was

integer valued (see for instance [12, §4.61]). However, in this paper we treat the Jacobi function
of the second kind where γ is not necessarily restricted to be an integer. In the following material
we provide some important properties for the Jacobi function of the second kind.

2.2.1 Single Gauss hypergeometric representations

Below we give the four single Gauss hypergeometric function representations of the Jacobi
function of the second kind.

Theorem 2.2. Let γ, α, β, z ∈ C such that α + γ, β + γ /∈ −N. Then, the Jacobi function of
the second kind Q(α,β)

γ : C \ [−1, 1] → C has the following single Gauss hypergeometric function

http://dlmf.nist.gov/15.8.E1
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representations

Q(α,β)
γ (z) :=

2α+β+γΓ (α+ γ + 1)Γ (β + γ + 1)

(z − 1)α+γ+1(z + 1)β 2F1

(
γ + 1, α+ γ + 1

α+ β + 2γ + 2
;

2

1− z

)
(20)

=
2α+β+γΓ (α+ γ + 1)Γ (β + γ + 1)

(z − 1)α+β+γ+1 2F1

(
β + γ + 1, α+ β + γ + 1

α+ β + 2γ + 2
;

2

1− z

)
(21)

=
2α+β+γΓ (α+ γ + 1)Γ (β + γ + 1)

(z − 1)α(z + 1)β+γ+1 2F1

(
γ + 1, β + γ + 1

α+ β + 2γ + 2
;

2

1 + z

)
(22)

=
2α+β+γΓ (α+ γ + 1)Γ (β + γ + 1)

(z + 1)α+β+γ+1 2F1

(
α+ γ + 1, α+ β + γ + 1

α+ β + 2γ + 2
;

2

1 + z

)
. (23)

Proof. Start with [5, (10.8.18)] and let n 7→ γ ∈ C and x 7→ z. Application of Pfaff’s
(z 7→ z/(z − 1)) and Euler’s (z 7→ z) transformations [11, (15.8.1)] provides the other three
representations. This completes the proof. ■

The Jacobi function of the second kind Q(α,β)
γ : C \ [−1, 1] → C has the following integral

representation [12, (4.61.1)]

Q(α,β)
γ (z) =

1

2γ+1(z − 1)α(z + 1)β

∫ 1

−1

(1− t)α+γ(1 + t)β+γ

(z − t)γ+1
dt, (24)

provided ℜ(α+ γ),ℜ(β + γ) > −1 [13, (2.5)]. We will use this integral representation to derive
an alternative integral representation for the Jacobi function of the second kind.

Theorem 2.3. Let k ∈ N0, α, β, γ, z ∈ C such that z ̸∈ [−1, 1]. Decompose γ = δ + k, where
δ = γ−k. Then, the Jacobi function of the second kind Q(α,β)

γ : C\ [−1, 1] → C has the following
integral representation

Q(α,β)
γ (z)=

(−1)kk!

2γ+1−k(−γ)k(z−1)α(z+1)β

∫ 1

−1

(1−t)α+γ−k(1+t)β+γ−k

(z−t)γ−k+1
P

(α+γ−k,β+γ−k)
k (t) dt. (25)

Proof. Start with (24) and decompose γ such that it is written as some complex number δ
added to a non-negative integer k, γ = δ + k with k ∈ N0, this produces

Q(α,β)
γ (z) =

1

2δ+k+1(z − 1)α(z + 1)β

∫ 1

−1

(1− t)α+δ+k(1 + t)β+δ+k

(z − t)δ+k+1
dt. (26)

Along the lines of the derivation of [12, (4.61.4)]

Q(α,β)
n (z) =

1

2(z − 1)α(z + 1)β

∫ 1

−1

(1− t)α(1 + t)β

z − t
P (α,β)
n (t) dt, (27)

proceed by integrating (26) by parts k-times with the boundary terms vanishing and utilizing
the Rodrigues-type formula for Jacobi polynomials [8, (9.8.10)]

dk

dtk
(1− t)a+k(1 + t)b+k = (−1)k2kk!(1− t)a(1 + t)bP

(a,b)
k (t), (28)

with a = α+ δ, b = β + δ. This completes the proof. ■

The Jacobi function of the second kind has the following raising and lowering operators (see
[7, Theorem 3.1]).

http://dlmf.nist.gov/15.8.E1
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Theorem 2.4. Let γ, α, β ∈ C. Then

d

dz
Q(α,β)

γ (z) =
(β − α− z(α+ β))

z2 − 1
Q(α,β)

γ (z)− 2(γ + 1)

z2 − 1
Q

(α−1,β−1)
γ+1 (z) (29)

= −α+ β + γ + 1

2
Q

(α+1,β+1)
γ−1 (z). (30)

Proof. We extend the proof given in [7, Theorem 3.1] by replacing integer n by complex γ for
the Jacobi functions of the second kind. ■

Theorem 2.5. Let n ∈ N0, α, β, γ, z ∈ C. Then

dn

dzn
(z − 1)α(1 + z)βQ(α,β)

γ (z) = (−2)n(γ + 1)n(z − 1)α−n(1 + z)β−nQ
(α−n,β−n)
γ+n (z). (31)

Proof. Start with the n = 1 case. Taking into account (30) and (29) one obtains

(1− z)−α+1(1 + z)−β+1 d

dz
(1− z)α(1 + z)βQ(α,β)

γ (z) = (1− z2)
d

dz
Q(α,β)

γ (z)

+ (β − α)− (α+ β)zQ(α,β)
γ (z) = 2(γ + 1)Q

(α−1,β−1)
γ+1 (z).

From the above expression, a straightforward calculation allows us to obtain the general n
integral case. ■

Starting from Theorem 2.5 we can obtain a multi-derivative representation of the Jacobi
function of the second kind.

Corollary 2.6. Let n ∈ N0, α, β, γ ∈ C such that α+ γ, β + γ ̸∈ −N. Then

Q(α,β)
γ (z) =

1

2n(−γ)n(z − 1)α(z + 1)β
dn

dzn
(z − 1)α+n(z + 1)β+nQ

(α+n,β+n)
γ−n (z). (32)

Proof. Starting with Theorem 2.5 and mapping (γ, α, β) 7→ (γ−n, α+n, β+n) completes the
proof. ■

3 Multi-integral representations for the Jacobi functions

In this section we derive multi-integral representations for the Jacobi functions of the first and
second kind. First we will derive a useful lemma.

Lemma 3.1. Let n, r ∈ N0, a, x ∈ C, µ⃗ ∈ Cr, and let f µ⃗ be a function such that

d

dz
f µ⃗(z) = λµ⃗f

µ⃗±1⃗(z), (33)

where λµ⃗ ∈ C∗. Then the following identity holds:∫ x

a

· · ·
∫ x

a

fµ(w)(dw)n =
1

λµ⃗∓1⃗ · · ·λµ⃗∓n1⃗

∞∑
k=n

λµ⃗∓n1⃗ · · ·λµ⃗∓n1⃗±(k−1)⃗1f
µ⃗∓n1⃗±k1⃗(a)(x− a)k

k!
,

where 1⃗ = (1, 1, ..., 1) ∈ Cr.

The proof of this result is analogous to the one given in [1, Lemma 2.3].
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3.1 The Jacobi functions of the first kind

Theorem 3.2. Let n ∈ N0, α, β, γ ∈ C, such that α + γ ̸∈ −N, ℜα, ℜβ > −1, (−γ)n ̸= 0,
z ∈ C \ (−∞,−1]. Then∫ 1

z

· · ·
∫ 1

z

(1−w)α(1+w)βP (α,β)
γ (w) (dw)n =

(−1)n

2n(−γ)n
(1−z)α+n(1+z)β+nP

(α+n,β+n)
γ−n (z). (34)

Proof. Considering the n = 1 case of (35) and then integrating produces the following definite
integral∫ 1

z

(1− w)α(1 + w)βP (α,β)
γ (w) dw =

1

2γ
(1− z)α+1(1 + z)β+1P

(α+1,β+1)
γ−1 (z),

Iterating the above expression n-times completes the proof. ■

The Jacobi function of the first kind obeys the following multi-derivative identity.

Theorem 3.3. Let n ∈ N0, α, β, γ ∈ C, z ∈ C \ (−∞,−1]. Then

dn

dzn
(1− z)α(1 + z)βP (α,β)

γ (z) = (−2)n(γ + 1)n(1− z)α−n(1 + z)β−nP
(α−n,β−n)
γ+n (z). (35)

Proof. Starting with (12), (15), one has

w =
1− z

2
,

d

dw
= −2

d

dz
, (36)

and from this, we derive

dn

dzn
(1− z)c−1(1 + z)a+b−c

2F1

(
a, b

c
;
1− z

2

)
= (−2)n(1− z)c−n−1(1 + z)a+b−c−n

2F1

(
a−n, b−n

c−n
;
1− z

2

)
. (37)

Substituting the Gauss hypergeometric function (15) into the above expression completes the
proof. ■

Theorem 3.4. Let n ∈ N0, α, β, γ ∈ C, such that α+γ ̸∈ −N, ℜ(α+β+γ) < −n, ℜγ > n− 1,
z ∈ C \ (−∞,−1]. Then∫ ∞

z

· · ·
∫ ∞

z

(1−w)α(1+w)βP (α,β)
γ (w) (dw)n =

1

2n(−γ)n
(1−z)α+n(1+z)β+nP

(α+n,β+n)
γ−n (z). (38)

Proof. Considering the n = 1 case of (35), taking into account the constraints considered in
the statement and then integrating produces the following improper integral:∫ ∞

z

(1− w)α(1 + w)βP (α,β)
γ (w) dw =

1

2γ
(1− z)α+1(1 + z)β+1P

(α+1,β+1)
γ−1 (z).

Iterating the above expression n-times completes the proof. ■

Theorem 3.5. Let n ∈ N0, α, β, γ ∈ C, z ∈ C \ (−∞,−1]. Then

dn

dzn
(1− z)αP (α,β)

γ (z) = (−α− γ)n(1− z)α−nP (α−n,β+n)
γ (z). (39)
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Proof. Adopting (37) and utilizing the Gauss hypergeometric representation (16) completes
the proof. ■

Theorem 3.6. Let n ∈ N0, α, β, γ ∈ C, with ℜα > −1, z ∈ C \ (−∞,−1]. Then∫ 1

z

· · ·
∫ 1

z

(1− w)αP (α,β)
γ (w) (dw)n =

(1− z)α+n

(α+ γ + 1)n
P (α+n,β−n)
γ (z). (40)

Proof. Considering the n = 1 case of (39) and then integrating produces the following definite
integral∫ 1

z

(1− w)αP (α,β)
γ (w) dw =

(1− z)α+1

α+ γ + 1
P (α+1,β−1)
γ (z).

Iterating the above expression n-times completes the proof. ■

Theorem 3.7. Let n ∈ N0, α, β, γ ∈ C, with ℜ(α+γ) < −n, ℜ(β+γ) > n−1, z ∈ C\(−∞,−1].
Then ∫ ∞

z

· · ·
∫ ∞

z

(1− w)αP (α,β)
γ (w) (dw)n =

(1− z)α+n

(α+ γ + 1)n
P (α+n,β−n)
γ (z). (41)

Proof. Considering the n = 1 case of (39), taking into account the constraints considered in
the statement and then integrating produces the following improper integral:∫ ∞

z

(1− w)αP (α,β)
γ (w) dw =

(1− z)α+1

α+ γ + 1
P (α+1,β−1)
γ (z).

Iterating the above expression n-times completes the proof. ■

Theorem 3.8. Let n ∈ N0, α, β, γ ∈ C, z ∈ C \ (−∞,−1]. Then

dn

dzn
(1 + z)βP (α,β)

γ (z) = (−1)n(−β − γ)n(1 + z)β−nP (α+n,β−n)
γ (z). (42)

Proof. Adopting (37) and utilizing the Gauss hypergeometric representation (16) completes
the proof. ■

Theorem 3.9. Let n ∈ N0, α, β, γ ∈ C, with ℜ(β+γ) < −n, ℜ(α+γ) > n−1, z ∈ C\(−∞,−1].
Then ∫ ∞

z

· · ·
∫ ∞

z

(1 + w)βP (α,β)
γ (w) (dw)n =

(−1)n(1 + z)β+n

(β + γ + 1)n
P (α−n,β+n)
γ (z). (43)

Proof. Considering the n = 1 case of (42), taking into account the constraints considered in
the statement and then integrating produces the following improper integral:∫ ∞

z

(1 + w)βP (α,β)
γ (w) dw =

−(1 + z)β+1

β + γ + 1
P (α−1,β+1)
γ (z).

Iterating the above expression n-times completes the proof. ■

Theorem 3.10. Let n ∈ N0, α, β, γ ∈ C, z ∈ C \ (−∞,−1]. Then

dn

dzn
P (α,β)
γ (z) = 2−n(α+ β + γ + 1)nP

(α+n,β+n)
γ−n (z). (44)
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Proof. Starting with (9) and using (15), (36) completes the proof. ■

Theorem 3.11. Let n ∈ N0, α, β, γ ∈ C, with α+ γ ̸∈ −N, z ∈ C \ (−∞,−1]. Then∫ 1

z

· · ·
∫ 1

z

P (α,β)
γ (w) (dw)n =

2n

(−α−β−γ)n
P

(α−n,β−n)
γ+n (z)

+
2Γ (α+ γ + 1)(1− z)n−1

(n− 1)!(α+ β + γ)Γ (α)Γ (γ + 2) 3F2

(
1−n, 1−α, 1

γ+2, 1−α−β−γ
;

2

1− z

)
(45)

=
Γ (α+ γ + 1)(1− z)n

Γ (α+ 1)Γ (γ + 1)n! 3F2

(
−γ, α+ β + γ + 1, 1

α+ 1, n+ 1
;
1− z

2

)
. (46)

Proof. Considering the n = 1 case of (44) and then integrating using (19) produces the follow-
ing definite integral∫ 1

z

P (α,β)
γ (w) dw =

2

α+ β + γ

(
Γ (α+ γ + 1)

Γ (α)Γ (γ + 2)
− P

(α−1,β−1)
γ+1 (z)

)
.

Iterating the above expression n-times, reversing the order of the sum and utilizing standard
properties of rising factorials such as (1)–(3), results in the term involving the terminating
generalized hypergeometric 3F2 series. The term involving the Jacobi function of the first kind
is clear. The second identity is a direct consequence of Lemma 3.1. This completes the proof. ■

Remark 3.12. Taking into account Lemma 3.1 as well as the previous result and then setting
(α, β, γ) 7→ (α + n, β + n, γ − n), one obtains the following identity for the Taylor series of the
Jacobi function of the first kind of order n− 1 at z = 1:

n−1∑
k=0

dk

dzk
P (α,β)
γ (z)|z=1

(z − 1)k

k!
=
Γ (α+ γ + 1)Γ (−α− β − γ)

Γ (α+ n)(n− 1)!

(
z − 1

2

)n−1

× 3F2

(
1− n, 1− α− n, 1

γ − n+ 2, 1− α− β − γ − n
;

2

1− z

)
.

(47)

Theorem 3.13. Let n ∈ N0, α, β, γ ∈ C, with ℜγ < −n, ℜ(α+β+γ) > n−1, z ∈ C\(−∞,−1].
Then ∫ ∞

z

· · ·
∫ ∞

z

(1 + w)βP (α,β)
γ (w) (dw)n =

2n

(−α−β−γ)n
P

(α−n,β−n)
γ+n (z). (48)

Proof. Considering the n = 1 case of (44), taking into account the constraints considered in
the statement and then integrating produces the following improper integral:∫ ∞

z

P (α,β)
γ (w) dw =

−2

α+ β + γ
P

(α−1,β−1)
γ+1 (z).

Iterating the above expression n-times completes the proof. ■

If we consider the different hypergeometric representations for the Jacobi function of the first
kind (15), (16), (17), (18) and applying the derivative relations (9), (10), (11), (12) one obtains
the following alternative result.
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Theorem 3.14. Let n ∈ N0, α, β, γ ∈ C, with α+ γ ̸∈ −N, z ∈ C \ (−∞,−1]. Then[
(z − 1)2

d

dz

]n
(z − 1)α+β+γ+1P (α,β)

γ (z) = (α+ β + γ + 1)n(z − 1)α+β+γ+1+nP (α,β+n)
γ (z), (49)[

(z − 1)2
d

dz

]n 1

(z − 1)γ
P (α,β)
γ (z) =

(−α− γ)n
(z − 1)γ−n

P
(α,β+n)
γ−n (z), (50)[

(z − 1)2
d

dz

]n
(z + 1)β(z − 1)α+γ+1P (α,β)

γ (z)

= 2n(γ + 1)n(z + 1)β−n(z − 1)α+γ+1+nP
(α,β−n)
γ+n (z), (51)[

(z − 1)2
d

dz

]n (z + 1)β

(z − 1)β+γ
P (α,β)
γ (z) = 2n(−β − γ)n

(z + 1)β−n

(z − 1)β−n+γ
P (α,β−n)
γ (z). (52)

Proof. First consider the n = 1 case. Start with the representation (15) multiply it by (z −
1)α+β+γ+1 and apply the derivative relation (9), to obtain

d

dz
(z − 1)α+β+γ+1P (α,β)

γ (z) = (α+ β + γ + 1)(z − 1)α+β+γP (α,β+1)
γ (z).

Multiplying the expression by (z − 1)2 and iterating the identity produces (49). By repeating
an analogous process for the expressions (16), (17), (18), the result follows. ■

As a consequence of this result, we have the following derivative relations.

Corollary 3.15. Let n ∈ N0, α, β, γ, z ∈ C. The following identities hold:[
(z + 1)2

d

dz

]n
(z + 1)α+β+γ+1P (α,β)

γ (z) = (α+ β + γ + 1)n(z + 1)α+β+γ+1+nP (α+n,β)
γ (z), (53)[

(z + 1)2
d

dz

]n 1

(z + 1)γ
P (α,β)
γ (z) =

(1 + β + γ − n)n
(z + 1)γ−n

P
(α+n,β)
γ−n (z), (54)[

(z + 1)2
d

dz

]n
(z − 1)α(z + 1)β+γ+1P (α,β)

γ (z)

= 2n(γ + 1)n(z − 1)α−n(z + 1)β+γ+nP
(α−n,β)
γ+n (z), (55)[

(z + 1)2
d

dz

]n (z − 1)α

(z + 1)α+γ
P (α,β)
γ (z) = (−2)n(−α− γ)n

(z − 1)α−n

(z + 1)α−n+γ
P (α−n,β)
γ (z). (56)

Proof. By starting with (12) using

w =
z − 1

z + 1
,

d

dw
=

(z + 1)2

2

d

dz
, (57)

and substituting in (15), (16), (17) and (18) in an as we did in the Theorem 3.14, one obtains
the above expressions which completes the proof. ■

We are also able to obtain some interesting Rodrigues-type relations for Jacobi polynomials.

Corollary 3.16 (Rodrigues-type formula). Let n ∈ N0, α, β, z ∈ C. The Jacobi polynomial
admits the following Rodrigues-type relation:

P (α,β)
n (z) =

1

2nn!

1

(z − 1)α(z + 1)β+n+1

[
(z + 1)2

d

dz

]n
(z − 1)α+n(z + 1)β+1 (58)

=
1

2nn!

1

(z − 1)α+n+1(z + 1)β

[
(z − 1)2

d

dz

]n
(z − 1)α(z + 1)β+n+1. (59)
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Proof. Setting γ 7→ 0 and β 7→ β + n in (51) the first identity follows. Setting γ 7→ 0 and
α 7→ β + n in (55), the second identity follows. ■

Theorem 3.17. Let n ∈ N0, α, β, γ ∈ C, with α + γ ̸∈ −N, z ∈ C \ (−∞,−1]. Then one has
the following multi-integral representations for the Jacobi function of the first kind:∫ z

1

· · ·
∫ z

1

(w − 1)α+β+γ+1P (α,β)
γ (w)[(w − 1)−2 dw]n

=
(z − 1)α+β+γ+1−n

(α+ β + γ − n+ 1)n
P (α,β−n)
γ (z), (60)∫ z

1

· · ·
∫ z

1

(w + 1)β(w − 1)α+γ+1P (α,β)
γ (w)[(w − 1)−2 dw]n

=
(z + 1)β+n(z − 1)α+γ−n+1

2n(γ − n+ 1)n
P

(α,β+n)
γ−n (z), (61)∫ z

1

· · ·
∫ z

1

(w − 1)α(w + 1)β+γ+1P (α,β)
γ (w)[(w + 1)−2 dw]n

=
(z − 1)α+n(z + 1)β+γ−n+1

2n(γ − n+ 1)n
P

(α+n,β)
γ−n (z), (62)∫ z

1

· · ·
∫ z

1

(w − 1)α

(w + 1)α+γ
P (α,β)
γ (w)[(w + 1)−2 dw]n

=
(z − 1)α+n

2n(1 + α+ γ)n(z + 1)α+n+γ
P (α+n,β)
γ (z), (63)

where ℜ(α+ β + γ + 1) > n, ℜ(α+ γ + 1) > n, ℜ(α+ n) > 0, ℜ(α+ n) > 0, respectively.

Proof. Consider the n = 1 case of (49) and then integrate both sides using the fundamental
theorem of calculus. This produces the following definite integral∫ z

1

(w − 1)α+β+γ+1P (α,β)
γ (w) (w − 1)−2 dw =

(z − 1)α+β+γ+1

α+ β + γ
P (α,β−1)
γ (z).

Iterating the above expression n-times completes the proof. The process for the remaining cases,
i.e., for the cases starting with (51), (55) and (56), is similar and we will omit their proofs. This
completes the proof. ■

Theorem 3.18. Let n ∈ N0, α, β, γ ∈ C, such that α + γ ̸∈ −N, z ∈ C \ (−∞,−1]. Then one
has the following multi-integral representations for the Jacobi function of the first kind:

∫ z

1

· · ·
∫ z

1

P (α,β)
γ (w)

(w − 1)γ
[(w − 1)−2 dw]n =

(−1)n

(α+ γ + 1)n

P
(α,β−n)
γ+n (z)

(z − 1)γ+n
, (64)

∫ z

1

· · ·
∫ z

1

(w + 1)β

(w − 1)γ+β
P (α,β)
γ (w)[(w − 1)−2 dw]n =

(−1)n

2n(β + γ + 1)n

(z + 1)β + n

(z − 1)γ+β
P (α,β)
γ (z),

(65)

where ℜγ < −n, ℜ(γ + β) < 0, respectively.

The proof is analogous to those carried out previously, and we leave this to the reader.
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Theorem 3.19. Let n ∈ N0, α, β, γ ∈ C, such that α + γ ̸∈ −N, z ∈ C \ (−∞,−1]. Then one
has the following multi-integral representations for the Jacobi function of the first kind:∫ z

1

· · ·
∫ z

1

(w + 1)α+β+γ+1P (α,β)
γ (w)[(w + 1)−2 dw]n =

(z + 1)α+β+γ+1−nP (α−n,β)
γ (z)

(α+ β + γ + 1− n)n

− 2α+β+γ+1−nΓ (α+ γ)

(α+ β + γ)Γ (α, γ + 1, n)

(
z − 1

z + 1

)n−1

3F2

(
−n+ 1, 1− α, 1

1− α− γ, 1− α− β − γ
;
z + 1

z − 1

)
, (66)

∫ z

1

· · ·
∫ z

1

1

(w + 1)γ
P (α,β)
γ (w)[(w + 1)−2 dw]n =

P
(α−n,β)
γ+n (z)

(β + γ + 1)n(z + 1)γ+n

− Γ (α+ γ + 1)

2γ+n(β + γ + 1)Γ (α, γ + 2, n)

(
z − 1

z + 1

)n−1

3F2

(
−n+ 1, 1− α, 1

2 + γ, 2 + β + γ
;
z + 1

z − 1

)
. (67)

Proof. Considering the n = 1 case of (54) and then integrating produces the definite integral∫ z

1

(w + 1)α+β+γ+1P (α,β)
γ (w)

dw

(w + 1)2
=

(w + 1)α+β+γP (α−1,β)
γ (z)− 2α+β+γP (α−1,β)

γ (1)

β + γ + 1
,

which is due to (19). Iterating the above expression n-times completes the proof of the first
identity. Using (1), (2), (19), taking into account∫ z

1

(
z − 1

z + 1

)k dw

(w + 1)2
=

1

2(k + 1)

(
z − 1

z + 1

)k+1

k = 0, 1, ...,

and reversing the finite series, i.e., for any non-negative integer m

m∑
k=0

(a1, ..., ar+1)k
(b1, ..., br)k

zk

k!
=

(a1, ..., ar+1)m
(b1, ..., br)m

zm

m! r+2Fr+1

(
−m, 1−m− b1, ..., 1−m− br, 1

1−m− a1, ..., 1−m− ar+1

;
1

z

)
,

the result follows. ■

3.2 The Jacobi functions of the second kind

In this section we derive multi-integral representations for the Jacobi function of the second
kind. Since both the Jacobi function of the first kind and the Jacobi function of the second kind
are strongly connected (see (27)), we expect to obtain similar multi-integrals to those obtained
in the previous section.

Theorem 3.20. Let n ∈ N0, α, β, γ ∈ C, z ∈ C \ [−1, 1], with ℜα, ℜβ > −1, ℜγ > n. Then∫ ∞

z

· · ·
∫ ∞

z

(w − 1)α(1 + w)βQ(α,β)
γ (w) (dw)n =

(z − 1)α+n(1 + z)β+n

2n(γ − n+ 1)n
Q

(α+n,β+n)
γ−n (z). (68)

Proof. Considering the n = 1 case of (31) and then integrating produces the following definite
integral∫ ∞

z

(w − 1)α(1 + w)βQ(α,β)
γ (w) dw =

1

2γ
lim

w→∞

(
(z − 1)α+1(1 + z)β+1Q

(α+1,β+1)
γ+1 (z)

− (w − 1)α+1(1 + w)β+1Q
(α+1,β+1)
γ+1 (w)

)
=
(z − 1)α+1(1 + z)β+1

2γ
Q

(α+1,β+1)
γ+1 (z).

Iterating the above expression n-times completes the proof. ■
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Theorem 3.21. Let n ∈ N0, α, β, γ, z ∈ C. Then

dn

dzn
(z − 1)αQ(α,β)

γ (z) = (−α− γ)n(z − 1)α−nQ(α−n,β+n)
γ (z). (69)

Proof. First we prove the n = 1 case. Consider (22), multiply this expression by (z − 1)α and
differentiate with respect to z. This obtains

d

dz
(z − 1)αQ(α,β)

γ (z) =
d

dz

2α+β+γΓ (α+ γ + 1)Γ (β + γ + 1)

(z + 1)β+γ+1 2F1

(
γ + 1, β + γ + 1

α+ β + 2γ + 2
;

2

1 + z

)
=− 2α+β+γΓ (α+ γ + 1)Γ (β + γ + 2)

Γ (α+ β + 2γ + 2)(z + 1)β+γ+2

∞∑
k=0

(γ + 1, β + γ + 2)k
(α+ β + 2γ + 2)kk!

(
2

1 + z

)k

=− 2α+β+γΓ (α+ γ + 1)Γ (β + γ + 2)

(z + 1)β+γ+1 2F1

(
γ + 1, β + γ + 2

α+ β + 2γ + 2
;

2

1 + z

)
=− (α+ β)(z − 1)α−1Q(α−1,β+1)

γ (z).

The nth derivative case is obtained by iterating the above procedure. ■

Theorem 3.22. Let n ∈ N0, α, β, γ ∈ C, z ∈ C \ [−1, 1], with ℜα > −1, ℜβ > n − 1,
ℜ(β + γ + 1) > n. Then∫ ∞

z

· · ·
∫ ∞

z

(w − 1)αQ(α,β)
γ (w) (dw)n =

(z − 1)α+n

(α+ γ + 1)n
Q(α+n,β−n)

γ (z). (70)

Proof. Considering the n = 1 case of (69) and then integrating produces the following definite
integral∫ ∞

z

(w − 1)αQ(α,β)
γ (w) dw =

1

α+ γ + 1
(z − 1)α+1Q(α+1,β−1)

γ (z).

Iterating the above expression n-times completes the proof. ■

Theorem 3.23. Let n ∈ N0, α, β, γ, z ∈ C. Then

dn

dzn
Q(α,β)

γ (z) = (−2)−n(α+ β + γ + 1)nQ
(α+n,β+n)
γ−n (z). (71)

Proof. The n = 1 case follows from (30) and for n > 1, the result is obtained by iterating the
above procedure. ■

Theorem 3.24. Let n ∈ N0, α, β, γ ∈ C, z ∈ C \ [−1, 1], with ℜα > n − 1, ℜβ > n − 1,
ℜ(α+ β + γ + 1) > n. Then∫ ∞

z

· · ·
∫ ∞

z

Q(α,β)
γ (w) (dw)n =

2n

(α+ β + γ − n+ 1)n
Q

(α−n,β−n)
γ+n (z). (72)

Proof. Considering the n = 1 case of (71) and then integrating produces the following definite
integral∫ ∞

z

Q(α,β)
γ (w) dw =

2

α+ β + γ
Q

(α−1,β−1)
γ+1 (z).

Iterating the above expression n-times completes the proof. ■
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If we consider, as we did in the case of the Jacobi functions of the first kind, the different
hypergeometric representations for the Jacobi function of the second kind (20), (21), (22), (23)
and applying the derivative relations (9), (10), (11), (12) one obtains the following result.

Theorem 3.25. Let n ∈ N0, α, β, γ ∈ C, with α+ γ ̸∈ −N, z ∈ C \ [−1, 1]. Then[
(z − 1)2

d

dz

]n
(z − 1)α+β+γ+1Q(α,β)

γ (z) = (α+ β + γ + 1)n(z − 1)α+β+γ+1+nQ(α,β+n)
γ (z), (73)[

(z − 1)2
d

dz

]n 1

(z − 1)γ
Q(α,β)

γ (z) =
(−α− γ)n
(z − 1)γ−n

Q
(α,β+n)
γ−n (z), (74)[

(z − 1)2
d

dz

]n
(z + 1)β(z − 1)α+γ+1Q(α,β)

γ (z)

= 2n(γ + 1)n(z + 1)β−n(z − 1)α+γ+1+nQ
(α,β−n)
γ+n (z), (75)[

(z − 1)2
d

dz

]n (z + 1)β

(z − 1)β+γ
Q(α,β)

γ (z) = 2n(−β − γ)n
(z + 1)β−n

(z − 1)β−n+γ
Q(α,β−n)

γ (z). (76)

Proof. The proof of these results are analogous to the proof of Theorem 3.14 and we will leave
this to the reader. ■

Corollary 3.26. Let n ∈ N0, α, β, γ, z ∈ C. Then[
(z + 1)2

d

dz

]n
(z + 1)α+β+γ+1Q(α,β)

γ (z) = (α+ β + γ + 1)n(z + 1)α+β+γ+1+nQ(α+n,β)
γ (z), (77)[

(z + 1)2
d

dz

]n 1

(z + 1)γ
Q(α,β)

γ (z) =
(1 + β + γ − n)n

(z + 1)γ−n
Q

(α+n,β)
γ−n (z), (78)[

(z + 1)2
d

dz

]n
(z − 1)α(z + 1)β+γ+1Q(α,β)

γ (z)

= 2n(γ + 1)n(z − 1)α−n(z + 1)β+γ+nQ
(α−n,β)
γ+n (z), (79)[

(z + 1)2
d

dz

]n (z − 1)α

(z + 1)α+γ
Q(α,β)

γ (z) = (−2)n(−α− γ)n
(z − 1)α−n

(z + 1)α−n+γ
Q(α−n,β)

γ (z). (80)

Proof. The proof is analogous to the proof of Corollary 3.15 and we leave this to the reader. ■

Remark 3.27. One should note the interesting work by Loyal Durand which was recently pre-
sented in [4]. In that paper, the author derives many of the multi-integral representations appear-
ing in [1] for associated Legendre and Ferrers functions from more general relations involving
non-integer changes in the order obtained using fractional Lie group operator methods developed
earlier for SO(2,1), E(2,1), and its conformal extension SO(3). It is therefore probable that
similar Lie group theoretic methods could be used to derive the multi-integral representations
contained within the present paper for Jacobi functions of the first and second kind. This could
potentially shed some interesting light on the Lie groups which are associated with general Jacobi
functions of the first and second kind, as well as these functions.
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