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Zlfpn(ﬂf) — pn—kl(x) - ﬁnpn(x) + YnPn—

with initial conditions p_1(z) = 0, po(z) = 1

heorem (Favard) If v, # 0 Vn € N then there exists a
moments functional .%; : P|z] — C so that

O%O (pnpm> — Tnén,m

non-vanishing normalization factor.
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Let 7 : Plx| — P|x| be a linear operator such that
o deg Ji(p) =degp—1

e The monic polynomials p,, ; defined by
Pn = const. 7] (ppy1) fulfill the TTRR

TPn1(T) = Pr11(Z) + Br1Pn1(T) + Yn1Pn—1,1(T)

so that there exists A : {v,1 = 0} — {7, = 0} strictly

increasing with A(n) > n.
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Let 7 : Plx| — P|x| be a linear operator such that
o deg Ji(p) =degp—1

e The monic polynomials p,, ; defined by
Pn = const. 7] (ppy1) fulfill the TTRR

TPn1(T) = Pr11(Z) + Br1Pn1(T) + Yn1Pn—1,1(T)

so that there exists A : {v,1 = 0} — {7, = 0} strictly

increasing with A(n) > n.

Consequence: (p, 1) is orthogonal with respect to some

moments functional % .

' Orthogonality of g-polynomials for nonstandard parameters

Slide—6/19



N\

-1

e Outline

The Favard’s theorem

lterating process

Degenerate version of
Favard's theorem

® Preliminaries

@ lterating process
® The proof

e Corollary

e The operator &
The example:

Askey-Wilson
polynomials

® ppk = const. T (Ppyrk-1) = = const..7 ) (Prak)

' Orthogonality of g-polynomials for nonstandard parameters Slide —7/19



N\

-1

e Outline

The Favard’s theorem

lterating process

Degenerate version of
Favard's theorem

® Preliminaries

@ lterating process
® The proof

e Corollary

e The operator &
The example:

Askey-Wilson
polynomials
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' Orthogonality of g-polynomials for nonstandard parameters Slide —7/19



-

lterating process

e Outline ® Dnki= COnSt-%(pn—}—l,k—l) oo — COHSt.g(k) (pn—i—k)

The Favard’s theorem

Degenerate version of
Favard's theorem

e Preliminaries = Cl?pn’k(ili’) — pn‘i‘l;k(a’;) —|_ /Bn’kpn,k(x) —|_ ’yn,kpn—l,k(x)

@ lterating process

® The proof

e Corollary | g]f (pm7kpn7k) — O fOI‘ T # m™m
e The operator &

The example:

Askey-Wilson
polynomials

' Orthogonality of g-polynomials for nonstandard parameters Slide —7/19
N



N\

-1

e Outline

The Favard’s theorem

lterating process

Degenerate version of
Favard's theorem

® Preliminaries

@ lterating process
® The proof

e Corollary

e The operator &
The example:

Askey-Wilson
polynomials

o D, :=const. T (Ppi1p-1) =" "= const..7 (k

)(pn+k)

o xpn,k(x) — pn—i—l,k(x) =+ Bn,kpn,k(x) =+ ’Yn,kpn—l,k(x)

¢ gk (pm,kpn,k) = O forn 7& m

e The first n such that ,, ;, = 0O (if it exists) verifies
n<N—k.
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ok i=const. Z(pui1p_1) = -+ = const..7 ) (p, 1)
o xpn,k(x) — pn—i—l,k(x) =+ Bn,kpn,k(x) =+ ’Yn,kpn—l,k(x)

¢ gk (pm,kpn,k) = O forn 7& m

The example:
;\;kyiyo-:nvifgn e The first n such that ,, ;, = 0O (if it exists) verifies

n < N — k.

Theorem: Suppose that only v = 0, then (p,,) is a MOPS

with respect to

N N
(f,9) = Zo(fg) + (T ()TN (g)).

Notice v, n 7 0 foralln € N.
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v~ = 0, then (p,,) is a MOPS with respect to

Proof:
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(f.9) = Lo(fg) + Ln (T (HTM(g)).

Proof:
® (pm,pn) = 0 by construction

e Ifn < N then

<pn7pn> — O%O(pnpn) = 7172 In 7é 0.
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v~ = 0, then (p,,) is a MOPS with respect to

(f.9) = Lo(fg) + Ln (T (HTM(g)).

Proof:
® (pm,pn) = 0 by construction

e Ifn < N then

<pn7pn> — O%O(pnpn) = 7172 In 7é 0.

e Ifn > N then

/

(Pn,Pn) = const.Zn(Pn—nNPn-~) =
const. Ypn— N NVn—-N-1,N - - - Y1.N 7 O.

' Orthogonality of g-polynomials for nonstandard parameters Slide—8/19



-1

e Outline

The Favard’s theorem

Corollary

Degenerate version of
Favard's theorem

® Preliminaries

@ |terating process
® The proof

e Corollary

e The operator &

The example:
Askey-Wilson
polynomials

Corollary: If A = {n : ~,, = 0}, then (p,,) is a MOPS with

respect to

(f,9) = Z(fg)+ ) ZL(TYNHTD(g)),

jeA

being .o/ = { Ny, N1, ...} with
Njt1 = Nj +min{n : yo.n, =

0.
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Among all the possible choices the linear operator .7 can be
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e Orthogonality of AW Tn (1— abqn_l)(l - acqn_l)(l - adqn_l)(l - bcqn_l)(l - bdqn_l)(l - qun_l)

Tol|ynomials for 1 —qm 4(1 — abcdg2m™—3)(1 — abcdq2™—2)2(1 — abcdg2n—1)
ql <1

® The 3 key cases

egasel: Case abed € {q~" : k € Ny} are not considered since they
Dl o are not normal.
® Casell They are symmetric with respect to any rearrangement of the

e Orthogonality of AW

pohnomels o parameters a, b, ¢, d.
q| =

® The scheme

MEN:v, =040 < ab,ac,...,cd € {g" : k € Ng}

<> they are g-Racah (until now considered as a finite family).
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e Orthogonality of AW

et aq”,bg", cq”,d¢® k € Ny (the convergent poles)
® The 3 key cases

e Case I

o = g~ (aq)™", (bqg)™", (cq) ™", (dg)™" k € Ny (the divergent poles)

e Case lll
e Orthogonality of AW

polynomials for e (U isthe unit circle deformed to separate the convergent
lq| > 1

o The scheme form the divergent poles.
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g()(pa a, ba C, d) = lim Zo(p, a, ba C, d) = lim p(Z)W(Z)dZ

a—a a—a C

Ly(p;a,b, c,d) = /C /C W (2)dz

with C'; and C'y separating the divergent poles from the
convergent ones but the double poles which stand between C}
and C.
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e Orthogonality of AW 1 7 Y2

polynomials for (q7 ac q7 ad q q) (qu ) (1 a ) 2a

lg| <1

® The 3 key cases

o Case ! o 7 = 9,the Hahn's operator

b— g—N+1 ,

o f(z) — f(gz)

e Case lll . . : O /\ 17
e Orthogonality of AW -@q(f)(z) def < (1 L q)Z < # q #

polynomials for

e L f(2), z2=0V g=1,

® The scheme

PN pr(x;a,b, ¢, d; q) = constp,_ N (x;aq™N/2,bgN/2 cq™N/2, dgN/?; q)
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polynomials for
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® The scheme

PN pr(x;a,b, ¢, d; q) = constp,_ N (x;aq™N/2,bgN/2 cq™N/2, dgN/?; q)
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The result is a quadrature rule with simple and double nodes
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