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Work supported by MEeC grant MTM2012-36732-C03-01

www.rscosan.com

Leganés, March 5, 2015

UC3M, 2015

R. S. Costas-Santos : Classical orthogonal polynomials beyond the classical parameters



Outline

UC3M, 2015

R. S. Costas-Santos : Classical orthogonal polynomials beyond the classical parameters



THE BASICS
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Classical Orthogonal Polynomials

Let (Pn) be a polynomial sequence and u be a functional.

Property of orthogonality

〈u,PnPm〉 = d2
nδn,m.

Distributional equation:

D(φu) = ψu, degψ ≥ 1, deg φ ≤ 2.

Three-term recurrence relation:

xPn(x) = αnPn+1(x) + βnPn(x) + γnPn+1(x).

The weight function dµ(z) = ω(z) dz

〈u,P〉 =

∫

Γ
P(z) dµ(z), Γ ⊂ C, .
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1 Continuous classical orthogonal polynomials

d

dx
(φ(x)ω(x)) = ψ(x)ω(x),

2 ∆-classical orthogonal polynomials

∆(φ(x)ω(x)) = ψ(x)ω(x),

∆f (x) = f (x + 1)− f (x), ∇f (x) = f (x)− f (x − 1),

3 q-classical orthogonal polynomials

∆(φ(x)ω(x))
∆x(s−1/2) = ψ(x)ω(x),

Dqf (x) =
f (qx)−f (x)
x(q−1) , x 6= 0, Dqf (0) = f ′(0),

x(s) = c1q
s + c2q

−s + c3.
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Some families

Continuous Classical OP: Jacobi, Hermite, Laguerre and
Bessel.

∆-Classical OP: Hahn, Racah, Meixner, Krawtchouk, Charlier,
etc.

q-Classical OP: Askey Wilson, q-Racah, q-Hahn, Continuous
q-Hahn, Big q-Jacobi, q-Hermite, q-Laguerre,
Al-Salam-Chihara, Stieltjes-Wigert, etc.
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THE RELEVANT FAMILIES
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The Classical Hypergeometric Orthogonal Polynomials

Wilson Racah

Cont. Dual Hahn Cont. Hahn Hahn Dual Hahn

Meixner-Pollaczek Jacobi Meixner Krawchuk

Laguerre Charlier

Hermite

F

F F

F
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The Classical basic Hypergeometric Orth. Polyn.

The scheme is too big to put it on here.
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SOME RESULTS
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Characterization Theorems. The continuous version

Let (Pn) be an OPS with respect to ω. The following statements
are equivalent:

1 Pn is classical, i.e. (φ(x)ω(x))′ = ψ(x)ω(x).

2 (P ′
n+1) is a OPS.

3 (P
(k)
n+k) is a OPS for any integer k .

4 (First structure relation)

φ(x)P ′
n(x) = α̂nPn+1(x) + β̂nPn(x) + γ̂nPn−1(x).

5 (Second structure relation)

Pn(x) = α̃nP
′
n+1(x) + β̃nP

′
n(x) + γ̃nP

′
n−1(x).

6 (Eigenfunctions of SODE)

φ(x)P ′′(x) + ψ(x)P ′(x) + λP(x) = 0.
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Characterization Theorem (cont.)

Let (Pn) be an OPS with respect to ω. The following statements
are equivalent:

1 Pn is classical, i.e. (φ(x)ω(x))′ = ψ(x)ω(x).

2 The Rodrigues Formula for Pn

Pn(x) =
Bn

ω(x)

dn

dxn
(
φn(x)ω(x)), Bn 6= 0.
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Hypergeometric and basic hypergeometric representations

The continuous and discrete COP can be written in terms of

rFs

(
a1, a2, . . . , ar
b1, b2, . . . , bs

∣∣∣∣ z
)

=
∑

k≥0

(a1)k(a2)k . . . (ar )k
(b1)k(b2)k . . . (bs)k

zk

k!
.

The q-discrete COP can be written in terms of

rφs

(
a1, . . . , ar
b1, . . . , bs

∣∣∣∣ z
)

=
∑

k≥0

(a1; q)k . . . (ar ; q)k
(b1; q)k . . . (bs ; q)k

(
(−1)kq(

k
2)
)1+s−r zk

(q; q)k
.

(a)k = a(a + 1) · · · (a + k − 1)

(a; q)k = (1− a)(1− aq) · · · (1− aqk−1)
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The Favard’s theorem

Let (pn)n∈N0 generated by the TTRR

xpn(x) = pn+1(x) + βnpn(x) + γnpn−1(x).

Favard’s theorem

If γn 6= 0 ∀n ∈ N then there exists a moments functional
L0 : P[x ] → C so that

L0(pnpm) = rnδn,m

with rn a non-vanishing normalization factor.
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Degenerate version of Favard’s theorem

Theorem

If there exists N so that γN = 0, then (pn) is a MOPS with respect
to

〈f , g〉 = L0(fg) +
∑

j∈A

L1(T
(N)(f )T (N)(g)).

Here T is certain lower operator. In fact, ...
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The operator T

1 Among all the possible choices the linear operator T can be
chosen as The “Associating operator”

T (p)(x) = L0

(
p(x)− p(t)

x − t

)
.

2 If (pn) is classical, then T is
the derivative, or
a difference operator.

3 And now ... the examples.
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THE EXAMPLES
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The Askey-Wilson polynomials. Basic properties

The monic ones are pn(x ; a, b, c , d ; q) ≡ pn(x)

pn+1(x) = (x − βn)pn(x)− γnpn−1(x),

with

γn

1 − qn
=

(1 − abqn−1)(1 − acqn−1)(1 − adqn−1)(1 − bcqn−1)(1 − bdqn−1)(1 − cdqn−1)

4(1 − abcdq2n−3)(1 − abcdq2n−2)2(1 − abcdq2n−1)

Case abcd ∈ {q−k : k ∈ N0} are not considered since they are not
normal.
They are symmetric with respect to any rearrangement of the
parameters a, b, c , d .

{n ∈ N : γn = 0} 6= ∅ ⇐⇒ ab, ac , . . . , cd ∈ {q−k : k ∈ N0}

⇐⇒ they are q-Racah.
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Orthogonality of AW polynomials for |q| < 1

∫

C

pn

(
z + z−1

2

)
pm

(
z + z−1

2

)
W (z)dz = dnδn,m

where
• W is analytic in C except at the poles 0,

aqk , bqk , cqk , dqk k ∈ N0 (the convergent poles)

(aq)−k , (bq)−k , (cq)−k , (dq)−k k ∈ N0 (the divergent poles)

• C is the unit circle deformed to separate the convergent
form the divergent poles.
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The 3 key cases

Case I: a2 = q−N+1 and

b2, c2, d2, ab, ac , ad , bc , bd , cd 6∈ {q−k : k ∈ N0}

Case II: ab = q−N+1 and

a2, b2, c2, d2, ac , ad , bc , bd , cd 6∈ {q−k : k ∈ N0}

Case III: ab = q−N+1, a2 = q−M with M ∈ {0, 1, . . . ,N − 2}
and

b2, c2, d2, ac , ad , bc , bd , cd 6∈ {q−k : k ∈ N0}
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Orthogonality of AW polynomials for |q| ≥ 1

|q| > 1: By using the identity

pn(x ; a, b, c , d |q
−1) = pn(x ; a

−1, b−1, c−1, d−1|q)

|q| = 1: If q = exp(2Mπ/N I), then γjN = 0, j ∈ N.

• Spiridonov and Zhedanov found L0

• For n > N

D
Npn(x ; a, b, c , d |q) = pn−N((−1)Mx ; a, b, c , d |q).

• Lj (p(�)) = L0(p((−1)M �))

For the rest of the values of q the result keeps unknown.
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The First example: Al-Salam-Carlitz Polynomials

The Al-Salam-Carlitz polynomials U
(a)
n (x ; q) are given explicitly by

U
(a)
n (x ; q) = (−a)nq(

n
2)

n∑

k=0

(q−n; q)k(x
−1; q)k

(q; q)k

qkxk

ak
,

Result:
For any a ∈ C, a 6= 0, 1, and for any q ∈ C, 0 < |q| < 1, the
Al-Salam-Carlitz polynomials are the unique (up to a multiplicative
constant) satisfying the property of orthogonality

∞∑

k=0

ω(q
k
; a; q)U

(a)
m (q

k
; q)U

(a)
n (q

k
; q)q

k
−

∞∑

k=0

ω(aq
k
; a; q)U

(a)
m (aq

k
; q)U

(a)
n (aq

k
; q)aq

k
= d

2
nδnm.

Here ω(x ; a; q) = (qx ; q)∞(qx/a; q)∞.

What about the a = 1 case?

And, what about the |q| = 1 case?
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x(t)

y(t)

−1 11

−1

0.5

(1, 0)

a

The lattice {qk : k ∈ N0}∪{(−1− i)qk : k ∈ N0} with q = 0.8 exp(iπ/6)
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The another example: The q-Laguerre polynomials

The (monic) q-Laguerre polynomials can be written as

L
(α)
n (x ; q) = (−1)nq−n(n+α)

2φ1

(
q−n,−x

0
; q, qn+α+1

)
, α > −1.

They fulfill the three-term recurrence relation

xL
(α)
n (x ; q) = L

(α)
n+1(x ; q) + βnL

(α)
n (x ; q) + γnL

(α)
n−1(x ; q),

with
γn = q−4n−2α+1(1− qn)(1 − qn+α)
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The −2 < α < −1 case

Result:
The polynomial sequence (L

(α)
n (x ; q)), with −2 < α < −1 is the

unique monic orthogonal polynomial sequence with respect to the
linear form

〈uα, f 〉 :=

∫ ∞

0

(
f (x)− f (0)

) xα

(−x ; q)∞
dqx −Mαf (0), f ∈ P,

where

Mα =
q − 1

2

(q,−q−α+1,−q−α; q)∞
(qα+1,−q,−q; q)∞

> 0.

Of course, this result can be extended to the whole real line and
even further... this is under construction.
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Thanks....

THANK YOU

FOR YOUR ATTENTION !!
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