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A brief history
It caught my attention
I want to know a bit about it

Connecting the dots
The Type III exceptional Laguerre polynomials

The surprise ... the present
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A brief history

about



1. V EIBPOA in Mexico, 2015 (David Gémez-Ullate),

2. 14th OPSFA in Kent, 2017 (David Gémez-Ullate, Jessica
Stewart),

3. In 2018, I went to College of William and Mary and ... and
then, I started understanding
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» Gomez-Ullate, David; Grandati, Yves; Milson, Robert. Rational
extensions of the quantum harmonic oscillator and exceptional
Hermite polynomials. J. Phys. A 47 (2014), no. 1, 015203, 27
pp. MR3146977

» Garcia-Ferrero, Ma. Angeles; Gomez-Ullate, David. Oscillation
theorems for the Wronskian of an arbitrary sequence of
eigenfunctions of Schrodinger’s equation. Lett. Math. Phys. 105
(2015), no. 4, 551-573. MR3323666

» Liaw, Constanze; Littlejohn, Lance L.; Milson, Robert; Stewart,
Jessica. The spectral analysis of three families of exceptional
Laguerre polynomials. J. Approx. Theory 202 (2016), 5-41.
MR3440071

» and almost every reference connected with these ones.... Ryu
Sasaki, Satoru Odake, M.M. Crum, V.E. Adler, etc, etc
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Connecting the dots
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We know that the Laguerre polynomials are orthogonal with
respect to the weight:

wh(z; @) = % exp(—z),
which satisfies the Pearson equation
e (zw(z;0)) = ( ) wh(x; ).

This polynomials are eigenfunctions of the operator

o d? d
with eigenvalues
A= —n.
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ZL[Ly(x)] = 2 (Ly ()" + ( ) (Ly(x)) = —nLy(z).

In the construction we realised we need polynomials y, (z; «)
eigenfunctions of
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o (Lo 2 (—x))" — ( ) (L 2(—2)) = —nL,**(~a),

therefore
Un(; @) = L, (—x).

These polynomials also fulfill the differential equation:
v (L2 (=) = ( )L, (=) = (n + 1)L, (—a).

We consider the operators:

d
gl . xL;La(—x)% — (m + 1)L, Y (~x),
BT I d
—af d
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Remember, the operators we have considered are

S = g (—a) S~ (L (a),
dx
{@III,O& — ¥i
Ly (—x) dz

They fulfill the following identities:
B o g7 !The = 2% — (1 +1).9.

Moreover, we have

d2 37/ (x a) d
e o gllila _ o @ ) = 9pdm\ ) @
T ix? ( ) Um(x; ) ) dx
— z[[],a—l.
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oy _ ﬂfLr}a(_x)di — (m+ 1)L Y (~x)
xr

(L2 (—2)° d wh(z;a)
wh(z;a)  dr Ly (—x)
2 (fm(wia+1)”® d  wh(z;0)
wh(zsa)  drYm(zsa+ 1)

Lk (@) = oMot —Let ()]

= 2L2t2 L (2) L, (=) + (m 4+ 1) Lo (@)L 92 (—a).

ne—m—2 n—m-—1 m+1
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The type I exceptional Laguerre pol. seq. of codimension m

L%IT{O‘(:L’) =2L%t? (@)L, (—x) + (m+ 1)L (2) L 9% (—x).

n—m-—2 m n—m-—1 m+1

IIla !
(Lm,n ((L’)) a+1
—nLZ* (),

%)I]I,a LHI,a —
[ (33)] L;za_l(—.%') n—m—1

m,n

therefore
L (@) = Lk @)+ [ L0 L(OL T (€ de. n e o\,
0

where A is the exclusionary set with order m.
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z (L, (=2)) + aLp (~2) = (@ +m) Ly (—2).

d d
la _ a2 gatli N _ oz Y —xra
o L () o~ L5 () = & eI ()
L) d
B dr L& (—x)’
1 d 1 d
%[,a - - et 1 _ “
LS (—x) (xda;+( —i—a)) Le (—x) dz”
and
Lyn(x) = aL, Ha) Lot (@) + (m—a = 1)L, (@) Ly, (2)
= e e (—a))
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(—2)) + aL® () = (a + m)La!
PLp () 4 (0= m) L (o)
(L (@) d

iz Too (@)’
1 d 1
Lo (@) \do ~ 1> T L)

Universidad
de Alcald

15



16

—
(- @0.9) = ) (a5, ).
where

W(ra,f) = (1—2)*(1+2)".

atel = (1 :v2)PnZ""B(x)% +2(m 4+ 1)P TP ()
2 —Oé,—ﬂ 2
(1 —2%) (Pm (w)) d o (z; a0, B)
e w‘](ll, a, 5) %P%()“—/B(x)?
BHP 4
Pr® P (z) da
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(1~ )L P22(a) + (o + m)PE= 0 (2) = aP3 ()
18 = (1) PO (a) g (m - @) P )
(P w)
dz P (z)’
I, 1 T i
B = @) <(1+ )dx +(1+ﬂ)>
1 d
- By da TP
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The exceptional operators have a common (nice) pattern

(@) (Gm(2)’ d
7 = dz ¢pm(x)
1 d

= 7@%(%) %pz(x)

if p(z) := p1(z)p2(x), then these operators fulfill the identities:

RBoog = ()i2+ i_i_
= p\x A2 do Hms
d? d

#£2% Universidad
-@ de Alcald

18



—
_ pi@) (Pm(@)® d
7= dz ¢ ()
EremEr e
—  (¢m(@)? d pi(2)
g = dr  ¢m(z)
~ pa(z) d
# Om () dx
L 2
o o B p(av)dic2 + ( %
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> (Gn(@)? d pi(2)
g = dx  ¢m(z)
= p2(z) d
7 Om(x) dx

Since [P () ()] = prm(x), and Blpp,m()] = Po_pm) (@),
then we obtain integrating by parts, and by using the operators

o/ and A

wa(x) v Vou(z wa() .
[ s o) S o= = [ (o) 2
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Lo @) = (a+n)z® / CeotLal (e)er (<€) de
0

- I

m

(=) Ly (@) + Lo (—2) Ly ().

L&) = e"LIE(0) + Ay e / e ELOTL (6 Lt () de
0
= 2L @)L (1) + (m— o — 1)Lt (@) LeT (o).

n—m—1

where A, = (o« +n —2m +1).

You can get similar expressions for all the classical families.
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SO LLe (@)t = {18 (=) + (1 — )18 (=)} £ (1—8) =" exp (;’jl) ,

Z L,I,{ff(x)t” = {xtL;f‘_l(—x) +(1-t)(m—-—a-— 1)L;f“_2(—a:)}

. t
X t™(1 —t)"* 3 exp (x) .

t—1
Do DL @t = {wtLy (—a) + (1= ) (m + 1) L5 (—o) )
n=m-+1
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m+1
¢m($)pn,m($) = Z au,n,mpn+y,m(x)a n € Ny \ A.

v=—m-—1
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Thank you for your attention
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