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The basic hypergeometric scheme

Askey-Wilson

Cont. dual q-Hahn cont. q-Hahn Big q-Jacobi

Al-Salam Chihara Cont. q-Jacobi Big q-Lag. lqJ q-Meix.

Cont. big q-Hermite cqL little q-Laguerre q-Lag. q-Bes.

Cont. q-Hermite Stieltjes-Wigert



The basic hypergeometric series, which we will often use, is defined
for q, z ∈ C? such that |q| < 1, s, r ∈ N0, bj 6∈ Ωq, j = 1, ..., s, as

rφs

(
a1, ..., ar
b1, ..., bs

; q, z

)
=
∞∑
k=0

(a1; q)k · · · (ar ; q)k
(q; q)k(b1; q)k · · · (bs ; q)k

(
(−1)kq(k

2)
)1+s−r

zk ,

where
Ωq := {q−n : n ∈ N},

(a; q)n := (1− a)(1− aq) · · · (1− aqn−1), n ∈ N0,

and
(a1, . . . , al ; q)n := (a1; q)n · · · (al ; q)n.



Limit transition formulas

lim
λ→∞

rφs

(
a1, ..., ar−1, λar

b1, ..., bs
; q,

z

λ

)
= r−1φs

(
a1, ..., ar−1
b1, ..., bs

; q, zar

)
,

lim
λ→∞

rφs

(
a1, ..., ar

b1, ..., bs−1, λbs
; q, λz

)
= rφs−1

(
a1, ..., ar

b1, ..., bs−1
; q,

z

bs

)
,

lim
λ→∞

rφs

(
a1, ..., ar−1, λar
b1, ..., bs−1, λbs

; q, z

)
= r−1φs−1

(
a1, ..., ar−1
b1, ..., bs−1

; q, z
ar
bs

)
.



Theorem: [Gasper & Rahman (1990)]

Let m, n, k, r , s ∈ N0, 0 ≤ k ≤ r , 0 ≤ m ≤ s, ak ∈ C, bm ∈ Ωq,
q ∈ C∗ such that |q| 6= 1. Then,

r+1φs

(
q−n, a1, ..., ar
b1, ..., bs

; q, z

)
=

(a1, ..., ar ; q)n
(b1, ..., bs ; q)n

(
z

q

)n (
(−1)nq(n2)

)s−r−1

×
n∑

k=0

(
q−n, q

1−n

b1
, ..., q

1−n

bs
; q
)
k(

q, q
1−n

a1
, ..., q

1−n

ar
; q
)
k

(
b1 · · · bs
a1 · · · ar

qn+1

z

)k

.



Let p ∈ N0, s ≥ r ≥ p ≥ 0. Then one has

r+1φs

q−n, a1, ..., ar−p ,

p︷ ︸︸ ︷
0, ..., 0

b1, ..., bs
; q, z

 =
(a1, ..., ar−p ; q)n

(b1, ..., bs ; q)n

(
z

q

)n (
(−1)nq

(
n
2

))s−r−1

× s+1φs


q−n, q

1−n

b1
, ..., q

1−n

bs

q1−n

a1
, ..., q

1−n

ar−p
, 0, ..., 0︸ ︷︷ ︸

s−r

; q,
b1 · · · bs

a1 · · · ar−p

q(p+1)n+1−p

z

 .

Let r ≥ s, r ≥ p ≥ 0. Then one has

r+1φs

q−n, a1, ..., ar−p ,

p︷ ︸︸ ︷
0, ..., 0

b1, ..., bs
; q, z

 =
(a1, ..., ar−p ; q)n

(b1, ..., bs ; q)n

(
z

q

)n (
(−1)nq

(
n
2

))s−r−1

× r+1φr−p


q−n, q

1−n

b1
, ..., q

1−n

bs
,

r−s︷ ︸︸ ︷
0, ..., 0

q1−n

a1
, ..., q

1−n

ar−p

; q,
b1 · · · bs

a1 · · · ar−p

q(p+1)n+1−p

z

 .



Let r ≥ s ≥ p ≥ 0. Then one has

r+1φs

 q−n, a1, ..., ar

b1, ..., bs−p , 0, . . . , 0︸ ︷︷ ︸
p

; q, z

 =
(a1, ..., ar ; q)n

(b1, ..., bs−p ; q)n

(
z

q

)n (
(−1)nq

(
n
2

))s−r−1

× r−p+1φr


q−n, q

1−n

b1
, ..., q

1−n

bs−p
,

r−s︷ ︸︸ ︷
0, ..., 0

q1−n

a1
, ..., q

1−n

ar

; q,
b1 · · · bs−p

a1 · · · ar
q(1−p)n+p+1

z

 .

Let s ≥ r , s ≥ p ≥ 0. Then one has

r+1φs

 q−n, a1, ..., ar

b1, ..., bs−p , 0, . . . , 0︸ ︷︷ ︸
p

; q, z

 =
(a1, ..., ar ; q)n

(b1, ..., bs−p ; q)n

(
z

q

)n (
(−1)nq

(
n
2

))s−r−1

× s−p+1φs


q−n, q

1−n

b1
, ..., q

1−n

bs−p

q1−n

a1
, ..., q

1−n

ar
, 0, ..., 0︸ ︷︷ ︸

s−r

; q,
b1 · · · bs−p

a1 · · · ar
q(1−p)n+p+1

z

 .



The Askey-Wilson polynomials

Define the sets 4 := {1, 2, 3, 4}, a := (a1, a2, a3, a4), ak ∈ C∗,
k ∈ 4, and x = cos θ ∈ [−1, 1].

Let n ∈ N0, p, s, r , t, u ∈ 4, p, r , t, u distinct and fixed,

pn(x ; a|q) = a−n
p

(
{apas}s 6=p ; q

)
n 4φ3

(
q−n, qn−1a1234, ape±iθ

{apas}s 6=p
; q, q

)

pn(x ; a|q) = e inθ
(
apr , ate

−iθ, aue
−iθ; q

)
n

4φ3

q−n, ape iθ, ar e iθ,
q1−n

atu

apr ,
q1−ne iθ

at
, q

1−ne iθ

au

; q, q


where aij := aiaj , a1234 = a1a2a3a4, ae±iθ = {ae iθ, ae−iθ}, {gfs} := g{f1, f2, f3, f4},
and {gfs}s 6=p := {gfs} \ {gfp}.

Consequence: Let n ∈ N0, b, c, d , e, f , q ∈ C∗, such that |q| 6= 1. Then, one has the
following transformation formula for a terminating 4φ3:

4φ3

(
q−n, c, d , qb

ef

q−n cd
b
, qb

e
, qb

f

; q, q

)
=

(e, f ; q)n(
q−ne

b
, q

−nf
b

; q
)
n
(qnb)n

4φ3

q−n, q
−nc
b
, q

−nd
b
, qb
ef

q−n cd
b
, q

1−n

e
, q

1−n

f

; q, q

 .



The Askey-Wilson polynomials

pn(x ; a|q) = q
−
(
n
2

)
(−ap)−n

(
qn−1a1234, ape

±iθ; q
)
n

4φ3

q−n,
{

q1−n

aps

}
s 6=p

q2−2n

a1234
, q

1−ne±iθ

ap

; q, q



pn(x ; a|q) =
(
apt , apu , ar e±iθ; q

)
n

anp

(
ar
ap
; q
)
n

8φ7

q−n,
q−nap

ar
,±q1−

n
2

(
ap
ar

) 1
2
, q

1−n

art
, q

1−n

aru
, ape±iθ

±q−
n
2

(
ap
ar

) 1
2
, apt , apu ,

qap
ar
, q

1−ne±iθ

ar

; q, qnatu



pn(x ; a|q) = e inθ
(
{ase−iθ}; q

)
n(

e−2iθ; q
)
n

8φ7

q−n, q−ne2iθ,±q1−
n
2 e iθ, {ase iθ}

±q−
n
2 e iθ, qe2iθ,

{
q1−ne iθ

as

} ; q,
q2−n

a1234

 .

Consequence: Let n ∈ N0, b, c, d , e, f , q ∈ C∗, such that |q| 6= 1. Then, one has the following
transformation formula for a terminating 8φ7:

8φ7

(
q−n, b,±q

√
b, c, d , e, f

±
√
b, qn+1b, qb

c
, qb

d
, qb

e
, qb

f

; q,
qn+2b2

cdef

)
=

(
q−nb−1, c, d , e, f ; q

)
n(

q−nc
b
, q

−nd
b
, q

−ne
b
, q

−nf
b
, qnb; q

)
n
(qnb)n

× 8φ7

q−n, q
−2n

b
,± q1−n
√
b
, q

−nc
b
, q

−nd
b
, q

−ne
b
, q

−nf
b

± q−n
√

b
, q

1−n

b
, q

1−n

c
, q

1−n

d
, q

1−n

e
, q

1−n

f

; q,
qn+2b2

cdef

 .



Identity for BHS to go from q to 1/q

One interesting equality we can use is the following connecting
relation between basic hypergeometric series on q, and on q−1:

r+1φr

(
q−n, a1, ..., ar

b1, ..., br
; q, z

)
= r+1φr

(
qn, a−1

1 , ..., a−1
r

b−1
1 , ..., b−1

r

; q−1,
za1a2 · · · ar
b1b2 · · · br

)

=
(a1, . . . , ar ; q)n

(b1, . . . , br ; q)n

(
−
z

q

)n

q
−
(
n
2

)
r+1φr

q−n, q
1−n

b1
, ..., q

1−n

br

q1−n

a1
, ..., q

1−n

ar

; q,
b1 · · · br
a1 · · · ar

qn+1

z

 .



The q-inverse Askey Wilson polynomials

pn(x ; a|q−1) =
(−apa1234)n

q
3
(
n
2

)
({

1

apas

}
s 6=p

; q

)
n

4φ3

q−n, q
n−1

a1234
, e

±iθ

ap{
1

apas

}
s 6=p

; q, q



pn(x ; a|q−1) =

(
−a1234e−iθ

)n
q
3
(
n
2

) (
1

apr
,
e iθ

at
,
e iθ

au
; q

)
n

4φ3

 q−n, e
−iθ

ap
, e

−iθ

ar
, q1−natu

1
apr
, q1−nate−iθ, q1−naue−iθ

; q, q



pn(x ; a|q−1) =
(apa1234)n

q
4
(
n
2

) (
qn−1

a1234
,
e±iθ

ap
; q

)
n

4φ3

(
q−n, {q1−naps}s 6=p

q2−2na1234, q1−nape±iθ
; q, q

)

pn(x ; a|q−1) = λn(a, q) 8φ7

q−n, q
−nar
ap

,±q1−
n
2 ( ar

ap
)
1
2 , q1−nart , q1−naru ,

e±iθ

ap

±q−
n
2 ( ar

ap
)
1
2 , 1

apt
, 1
apu
, qar

ap
, q1−nar e±iθ

; q,
qn

atu



pn(x ; a|q−1) =

(
−a1234e−iθ

)n
q
3
(
n
2

) ({ e
iθ

as
}; q)n

(e2iθ; q)n
8φ7

q−n, q−ne−2iθ,±q1−
n
2 e−iθ, { e

−iθ

as
}

±q−
n
2 e−iθ, qe−2iθ, {q1−nase−iθ}

; q, q2−na1234

 .



The continuous dual q-Hahn polynomials
Define the sets 3 := {1, 2, 3}, a := (a1, a2, a3), q, ak ∈ C∗, k ∈ 3,
and x = cos θ ∈ [−1, 1]. Let n ∈ N0, p, s, r , t ∈ 3, p, r , t distinct
and fixed.

pn(x ; a|q) = a−n
p ({apas}s 6=p ; q)n 3φ2

(
q−n, ape±iθ

{apas}s 6=p
; q, q

)

pn(x ; a|q) = e inθ
(
apr , ate

−iθ; q
)
n

3φ2

(
q−n, ape iθ, ar e iθ

apr ,
q1−ne iθ

at

; q,
qe−iθ

at

)

pn(x ; a|q) = q
−
(
n
2

)
(−ap)−n

(
ape
±iθ; q

)
n

3φ2

q−n, { q
1−n

aps
}s 6=p

q1−ne±iθ

ap

; q,
qna123

ap



pn(x ; a|q) = e inθ
(
ape
−iθ, ar e

−iθ; q
)
n

3φ2

q−n, ate iθ,
q1−n

apr

q1−ne iθ

ap
, q

1−ne iθ

ar

; q, q


pn(x ; a|q) = e inθ

(
{ase−iθ}; q

)
n

(e−2iθ; q)n
8φ6

(
q−n, q−ne2iθ,±q1−

n
2 e iθ, {ase iθ}, 0

±q−
n
2 e iθ, qe2iθ, { q1−ne iθ

as
}

; q,
qe−iθ

a123

)

pn(x ; a|q) = a−n
p

(
apt , ar e±iθ; q

)
n(

ar
ap
; q
)
n

7φ7

q−n,
q−nap

ar
,±q1−

n
2

(
ap
ar

) 1
2
, q

1−n

art
, ape±iθ

±q−
n
2

(
ap
ar

) 1
2
, apt ,

qap
ar
, q

1−ne±iθ

ar
, 0

; q,
qat

ar

 .



The continuous dual q-inverse-Hahn polynomials

pn(x ; a|q−1) =
an123

q
2
(
n
2

)
({

1

apas

}
s 6=p

; q

)
n

3φ2

 q−n, e
±iθ

ap

{ 1
apas
}s 6=p

; q,
qnap

a123


pn(x ; a|q−1) =

an123

q
2
(
n
2

) ( 1

apr
,
e iθ

at
; q

)
n

3φ2

 q−n, e
−iθ

ap
, e

−iθ

ar
1
apr
, q1−nate−iθ

; q, q


pn(x ; a|q−1) =

(−ap)n

q

(
n
2

) (
e±iθ

ap
; q

)
n

3φ2

(
q−n, {q1−naps}s 6=p

q1−nape±iθ
; q, q

)

pn(x ; a|q−1) =

(
−apr e−iθ

)n
q
2
(
n
2

) (
e iθ

ap
,
e iθ

ar
; q

)
n

3φ2

 q−n, e
−iθ

at
, q1−napr

q1−nape−iθ, q1−nar e−iθ
; q, qate

−iθ



pn(x ; a|q−1) =

(
apt , ar e±iθ; q

)
n

anp

(
ar
ap
; q
)
n

7φ6

q−n, q
−nar
ap

,±q1−
n
2

(
ar
ap

) 1
2
, q

1−n

apt
, ar e±iθ

±q−
n
2

(
ar
ap

) 1
2
, art ,

qar
ap
, q

1−ne±iθ

ap

; q,
q2−nat

apr


pn(x ; a|q−1) = λn(a, q) 7φ7

q−n,±q1−
n
2 e−iθ, q−ne−2iθ,

{
e−iθ

as

}
±q−

n
2 e−iθ, qe−2iθ, {q1−nase−iθ}, 0

; q, q2−na123e
−iθ

.



The Al-Salam-Chihara polynomials

Define the sets 2 := {1, 2}, a := (a1, a2), q, ak ∈ C∗, k ∈ 2, and
x = cos θ ∈ [−1, 1]. Let n ∈ N0, p, r , s ∈ 2, p, r distinct and fixed.

Qn(x ; a|q) = a−n
p (a12; q)n 3φ2

(
q−n, ape±iθ

a12, 0
; q, q

)

Qn(x ; a|q) = q
−
(
n
2

)
(−ap)−n(ape

±iθ; q)n 2φ2

q−n, q
1−n

a12

q1−ne±iθ

ap

; q,
qa12

a2p


Qn(x ; a|q) = e inθ(a12; q)n 3φ1

(
q−n, {ase iθ}

a12
; q, qne−2iθ

)

Qn(x ; a|q) = e−inθ(ape
iθ; q)n 2φ1

q−n, ar e−iθ

q1−ne−iθ

ap

; q,
qe iθ

ap



Qn(x ; a|q) = e−inθ({ase iθ}; q)n 3φ2

q−n, q
1−n

a12
, 0{

q1−ne−iθ

as

} ; q, q





Qn(x ; a|q) = a−n
p

(
{apas}s 6=p ; q

)
n 6φ7

q−n,
q−nap

ar
,±q1−

n
2

(
ap
ar

) 1
2
, ape±iθ

±q−
n
2

(
ap
ar

) 1
2
,
qap
ar
, q

1− n
2 e±iθ

ar
, 0, 0

; q,
q2−n

a2r



Qn(x ; a|q) = e inθ
(
{ase−iθ}; q

)
n

(e−2iθ; q)n
8φ5

q−n,±q1−
n
2 e iθ, q−ne2iθ, {ase iθ}, 0, 0

±q−
n
2 e iθ, qe2iθ,

{
q1−ne iθ

as

} ; q,
qne−2iθ

a12



Equivalent results can be obtained in all these cases.



Let n ∈ N0, a, b, c , d , q ∈ C∗, such that |q| 6= 1. Then, one has
the following transformation formula for a terminating 3φ1:

3φ1

(
q−n, c , d

q−n cd
b

; q,
1

b

)
=

1

(qnb)n
3φ1

(
q−n, q

−nc
b , q

−nd
b

q−n cd
b

; q, q2nb

)
.

Also, the following transformation formula for a terminating 8φ5
holds:

8φ5

(
q−n,±q

√
b, b, c , d , 0, 0

±
√
b, qn+1b, qbc ,

qb
d

; q,
qn

cd

)
=

(
c , d , q

−n

b ; q
)
n(

cq−n

b , q
−nd
b , qnb; q

)
n

× 1

(qnb)n
8φ5

q−n,±q1−n
√
b
, q
−2n

b , q
−nc
b , q

−nd
b , 0, 0

±q−n
√
b
, q

1−n

b , q
1−n

c , q
1−n

d

; q,
q3nb2

cd

 .



The continuous big q-Hermite polynomials

Let n ∈ N0, a, q ∈ C∗, |q| 6= 1.

Hn(x ; a|q) =
1

an
3φ2

(
q−n, ae±iθ

0, 0
; q, q

)

Hn(x ; a|q) =
q
−
(
n
2

)
(−a)n

(ae±iθ; q)n 1φ2

(
q−n

q1−ne±iθ

a

; q,
q2−n

a2

)

Hn(x ; a|q) = e−inθ(ae iθ; q)n 2φ1

(
q−n, 0

q1−ne−iθ

a

; q,
qe iθ

a

)

Hn(x ; a|q) = e inθ 2φ0

(
q−n, ae iθ

−
; q, qne−2iθ

)

Hn(x ; a|q) = e inθ
(ae−iθ; q)n

(e−2iθ; q)n
8φ4

(
q−n, q−ne2iθ,±q1−

n
2 e iθ, ae iθ, 0, 0, 0

±q−
n
2 e iθ, qe2iθ, q

1−ne iθ

a

; q,
q2n−1e−3iθ

a

)
.



Further reading

I Koekoek, R.; Lesky, P. A.; Swarttouw, R. F. Hypergeometric
orthogonal polynomials and their q-analogues; Springer
Monographs in Mathematics, Springer-Verlag: Berlin, 2010;
pp. xx+578. With a foreword by Tom H. Koornwinder.

I Koornwinder, T. H. Additions to the formula lists in
“Hypergeometric orthogonal polynomials and their
q-analogues” by Koekoek, Lesky and Swarttouw.
arXiv:1401.0815v2 2015.

I Gasper, G.; Rahman, M. Basic hypergeometric series, second
ed.; Vol. 96, Encyclopedia of Mathematics and its
Applications, Cambridge University Press: Cambridge, 2004;
p. xxvi+428. With a foreword by Richard Askey.



That’s all Falks ;)

Thank you for your attention
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