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Ronveaux, Pascal Maroni.

2. We are going to consider the Sobolev-type inner product

M
if,9)s = (u.fa) + > i f(c)g")(c;),  f.geP,
j=1
where u is a classical linear form, v4, ...,vy € N, and
s ooy UM C1y ooy Cy € R.

3. Amain aim is to present some connection formulas related
to orthogonal Sobolev-type polynomials as general as
possible.

4. Show some numerical experiments with the zeros of
Sobolev-type Krwatchouk polynomials.
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CONNECTION FORMULAE

Given two sequences of polynomials (p,) and (gn), the
connection formula is a way to “connect” such polynomial
sequences:

n
Gn=> AngPr, N=0,1,2, ...
k=0

One can obtain the connection coefficients in several ways.
For example, if (p,) =ops(u) then for n € Ny, one has

Ank = w kR=0,1,....n.

(U, prpe)’




A SOBOLEV-TYPE INNER PRODUCT CASE
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where A is a positive semidefinite matrix, ¢ € R, and for P,
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The following connection formula holds:
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'This is part of Proposition 2 in [2]
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THE SINGLE MASSPOINT KRALL CASE

Let (pn) =ops(u), and let us consider the inner product?

(f,9) = (u,fg) + M(c)g(c).

The following connection formula holds:

APp(c)

AnX) = PnX) = 155K @0

Kﬂ—1 (X7 C)7

where

Km(x,y) = Z

2~ {u.p3)

Pr(X)Pr(Y)-

*This is part of Proposition 2 in [5]
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WHAT CAN THE CONNECTION FORMULAS BE USEFUL

FOR?

1
2. Zeros.

3

4. Others.

. Hypergeometric representation.

. Asymptotic behavior.




ONE EXAMPLE: HYPERGEMOETRIC REPRESENTATION

Let us consider the big g-Jacobi case.
We consider the inner product
(f,9) = (u*%,fg) + Mf(cq)g(cq)-

The Krall big g-Jacobi polynomials admit the following
representation3

g~ ",abg"t", q"~*, q""*, x
ag®, cq*, g~ , q~*

q;CI>-

PA(x: a,b, C: q) = Da(X) 564 (

3This can be found in [3, §34]
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Next, we consider the Sobolev-type inner product*

M
if,9)s = (u.fg) + > i f9(c)g"(c), f.geP. (1)

j=1

We consider (p,) =ops(u), (Qn) =0ops((e, ®)s).

“The next connection formulae can be found in [4]
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FIRST TYPE OF CONNECTION FORMULAE

First, we can express the inner product (1) as

(f.g)s = (u,fg) + (Df)'DDg, (2)

where D is the vector differential operator defined as

)

and D is the diagonal matrix with entries yua, ..., um.

7f(V2)(X) e f(VM)(X

X=C X=C>

of = £

The following connection formula holds:

Qn(x) = Pp(x) — PL(I + DKp_4) " "DKp_4(x)

where Kp(X) = DyKm(X,y), and Km = D'Kp(X).

8]



A TECHNICAL RESULT?

Lemma

Let M € N, u be a classical linear form.
Letcq,Ca,....Cy € R, 14, 13, ...,um € N, and

let us denote by (Qn(x)) the sequence of orthogonal polynomials
with respect to the inner product (1).

If c; is not a zero of Qu(x), fori =1,2,...,M and for all n € Ny, then,
there exists a polynomial, namely ¢(x), such that

D (¢()Sh(x;7,0)) = &

holds.

A similar result can be found in [1, Lemma 2]
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A REMARK ABOUT THE POLYNOMIAL ((X)

Observe that if all the ¢;'s are all different then

However, if all of them are equal to each other, i.e. ¢; = ¢ for
i=1,2,...,M,then

Without loss of generality, we denote by ((x) to the
polynomial of minimum degree, namely deg ¢ = v, among all
nonzero polynomials satisfying the conditions of the former
Lemma.
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It is clear that




A LITTLE BIT MORE ABOUT ((X)

It is clear that

Let (Cj(x))]l.’zo be a sequence of polynomials such that

o deg Ck(x) - k;

o (p(X)|Criq(x) fork=0,1,...,v —1,

o Q) =)
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SECOND TYPE OF CONNECTION FORMULAE®

[C]

Let (Pn""(x)) =ops(¢?u), then

If the following conditions hold

Pa(c)PE (¢ P () £ 0, j=1,2,.0M,  (3)

then, there exists a family of coefficients (\; n), o notall

identically zero, such that, for any n > v, we have

Q) = 3" X G00PT 0

j=o0

®The idea came up during a conversation with J. F. Mafias Mafias in 2018.
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THIRD TYPE OF CONNECTION FORMULAE

In this case we only use the fact that the family is classical

There exists a family of coefficients (51-7,,)].”:0, not all

identically zero, such that, for any n > v, we have

Qn(x) =&, PP (x)
j=0
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A NUMERICAL EXPERIMENT ABOUT ZEROS

Let us consider the inner product:

(f.9) = (u*,fg) + AA'f(c)A'g(c) + pAf(d)Ag(d).

In such a case we have the following limit polynomials:
n ,j(X p, ) - /\li—)moo Kn;i,j(X; p, N)

AKy (c;p.N) kS (C d)
DKy (d:p.N) 1 +u’< 1(d,d)
= Kn(X; p,N) — (?i) (i) R
ki (c.c) ki) (c,d)
KE (d,c) 1+ pukd) (d. )
Ky (¢.c) - AKq (¢ p. N)
Kay(d.c) AKn (d:pN)| oy, g
—HT D (i) o bl
Kn},1 (c,0) pKnZ 1(C d)
(d




ANOTHER TECHNICAL RESULT

Lemma

The following identities hold:
m If \,u # 0O, then

(14 10 + vn)Kni j(X; p, N) = Kn(X; p, N) + .. (X P, N) + vnSpi j(X; P, N),

n,ij
(14 &n + Cn)Kni (X P, N) = Kn(X; P, N) + EnRp 15 P, N) + CnSniij(X; P, N),
where np, vy, &, ¢y > 0 for all n.
m If\#0and pu =0, then
(1 + nn)Kn;i,j(X? p7 N) - KH(X; pa N) + nnrn;i(x? p7 N)a

where )
_ A'Kp(c;p,N)

14K (€ 0)

n=1,2,.. (4)

n



SOME CALCULATIONS

The collection of zeros of Krawtchouck for p =1/2and N =12 is
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We are going to run Wolfram Mathematica with the code
N[Solvevalues[KravchSob[x,7,p,12,A,B,i,j,c,d]==0,x],5]

1. For afew caseswesetp =1,A=B=10%,c=—-3,d =15:
i=j=1, {-3.9243,1.7234,3.9228,6.0561, 8.1881,10.378,17.094}
i=j=5, {—25.694,1.5457,3.8067,6.0257, 8.2422,10.494,55.080}
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We are going to run Wolfram Mathematica with the code
N[Solvevalues[KravchSob[x,7,p,12,A,B,i,j,c,d]==0,x],5]

1. For afew caseswesetp =1,A=B=10%,c=—-3,d =15:
i=j=1, {-3.9243,1.7234,3.9228,6.0561, 8.1881,10.378,17.094}

i=j=5, {—25.694,1.5457,3.8067,6.0257, 8.2422,10.494,55.080}
2. Now we consider i # j:

i=3,j=2, {-7.6243,1.5838,3.8178,6.0013, 8.1841,10.416, 20.244}

i =2,j=3, {—5.4426,1.7307,3.9854, 6.1711, 8.3441,10.549, 24.914}



BUT ....

1. Wesetp=1,c=-3,d=15:
i=j=1,A=01,B=1 {0.841,2.79,4.76,6.75,8.76,10.8,375}

i=j=2A=1B=01 {-66.1,1.19,3.24,5.26,7.25,9.22,11.2}
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1. Wesetp=1,c=-3,d=15:
i=j=1,A=01,B=1 {0.841,2.79,4.76,6.75,8.76,10.8,375}

i=j=2A=1B=01 {-66.1,1.19,3.24,5.26,7.25,9.22,11.2}

2. Now we consideri # j,¢c = —3,d = 2.6:
i=3,j=4,A=1,B=0.1,{—11.3,1.18,3.22,5.23,7.22,9.19, 11.1}

i=t4,j=3,A=0.1,B=1{-0.766,2.43,4.76,6.99,9.13,11.1, 43.8}
3. Wesetp=1,c=-7,A=B=10%,d=2.6:

i =J=5, {—27.035, —2.5249,1.9076, 4.1716, 6.3594, 8.5240,10.697 }
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