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THE JACOBI POLYNOMIALS

1. The Jacobi polynomials, Pﬁ,a’ﬁ)(z) are eigenfunctions of
d*w dw
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H:=( z)dzz+(ﬁ a z(a+5+2))dz,

where o, 8 € C, and with associated eigenvalues
A =-—-n(n+a+p+1)
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THE JACOBI FUNCTIONS (1ST KIND)
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3. One can obtain different representations for the Jacobi
functions (Pfaff’s, Euler’s transformations).



THE JACOBI FUNCTIONS (1ST KIND)
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THE JACOBI FUNCTIONS (1ST KIND)

1. One of such expressions is

Mo+~ +1) ( 2 )“*B*W F<a+v+1,a+ﬂ+v+1.z—1>
2M

Pi(2) = o i

S Fa+D)M(y+1) a+1 "z41

2. Note in order to calculate certain integrals we need
Moa+vy+1)
P(a,[}) 1 e
) M(y+1)
where a + v ¢ —N.

3. Moreover, the Jacobi functions are eigenfunctions of
d?w dw

(42 PV el

H:= (1 z)dzz+(ﬁ « z(a—i—B—i—z))dZ,

where «, 8 € C, and with associated eigenvalues
M =—(y+a+p+1), yeC.




THE JACOBI FUNCTIONS (2ND KIND)

1. The Jacobi functions of the second kind have the following
single Gauss hypergeometric series representation:

o a+B+y r
QA7) = 2 (aty+DrB+y+1) (
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wherez € C\ [—1,1].
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1. The Jacobi functions of the second kind have the following
single Gauss hypergeometric series representation:

o a+B+y r
QA7) = 2 (aty+DrB+y+1) (

YHlLaty+1 2 )
Fa+ B+ 2y +2)(z — 1)tz +1)8 2 ’
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2. Integral representation:

Q(a’ﬂ)(z) _ 1 /1 (1 -t (14 t)ﬁﬂ
7 2z 1@+ 0P ) (-t 7

where Ra + v, RE +~v > —1.

3. Decompose v = § + R, R € Ny, then

(08) (=1)*k! T TR )R ik gy —R)
O e e L g o




MAIN THEORETICAL RESULT:




THE MAIN RESULT

Lemma. The multiple integral identity

Let n,r € No, a,x € C, ji € C', and let f# be a function such that

d - -
S 77@) = 2™ (2),
where )\; € C*. Then, the following identity holds:

X X m n 1 = AFNTERT (X — a)k
T fH(w)(dw)" = SN - § )‘ﬁan' o ’\ﬁ$n?:l:(k71)1” f (a) kI
a < A1 AFNT g=n :

where 7= (1,1,...,1) € C".



THE FORWARD SHIFT OPERATOR

d" o _ nn(a—n,B—
1 (12204 2P0 @) = (-2)" (v + a1 - 2 "(1+2)° PR )

n

S @=0°0+27007 @) = (-2)" (v + Dz = )" (14 27" 2).
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d" o - e
1. @(1—z)a(1+z)ﬁpg Az) = (—2)" (v + Dn(1 — 2)°"(1 + 2)° npg%n,ﬁ " (2)

n

@ 1°(142°0 (@) = (-2)" (7 + Dalz — )71+ 27" ),
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THE FORWARD SHIFT OPERATOR

d" o - e
1. @(1—z)a(1+z)ﬁpg Az) = (—2)" (v + Dn(1 — 2)°"(1 + 2)° npg%n,ﬁ " (2)

n

i(z - 1)*(1 +Z)50£;¥,/3)(Z) _ (—2)n(’)/ +n(z— 1)a—n(1 +Z)ﬁ_”0£ﬁfnn’67")(z).

dz"
a aple.f) a—npla—n,B+n)
2. S(=2%P772) = (o= 7)1 = 2)*T"P, ()

d" o o
@=12057(@) = (~a =z -7 ")

3- %(1 J,»Z)ﬁPE/Ot,B)(Z) — (71),’1(75 o ’Y)n(1 + z)ﬁ—npgya+n,[3—n)(z)

dn

@PE/“’B)(Z) =27"a+ B+~ + )PP (2)




A RODRIGUES FORMULA FOR THE JACOBI FUNCTIONS OF

THE SECOND KIND

Starting with

dar =3 a— — a— -
@027 @) = (2" (v + )nz = )" (1 +2)7 QR @),

mapping (a, 5,7) = (@ — n, 8 — 7 — n) one gets

2—ﬂ n

(a,8)(7) — o \a+n B+n A(a+n,B+n)
%= (=n(z = 1)*(z +1)° dzn )T ).
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THE w(z) = (1 —2)*(1 + z)” CASE

The Jacobi functions of the first kind

Let n € No, a, 8,7 € C, such that o + v & —N, Ra, R3 > —1,
(=y)n #0,z2€ C\ (—o0,—1]. Then

(=1)"

a+n n n,(iH»n
P (1= (1 + 2R ),

/1 . /1(1 —w)*(1+ w)? P (w) (dw)" =

The Jacobi functions of the second kind

Letn € Ny, o, 8,7 € C,z € C\ [-1,1], with Ra, RS > —1, Ry > n.
Then

/ / — )21 + w)P QD (w) (dw)" = (z —2n1():+_n’(71:1z))nﬂ+n Q(ﬁajjn,em(z)_




THE w(z) = (1 — 2)* CASE

The Jacobi functions of the first kind
If Re > —1,z € C\ (—o0, —1]. Then

/ / oA (w) (dw) = =D plasnson )

(a+v+1)n

If R(a+7) < —n, R(B+~) >n—1.Then
a n __ (1 _ Z)a+n a-+n,f—n
/ / (1— (W) (dw)" = LB Pl i),

The Jacobi functions of the second kind
If Rae > -1, R >n—-1,R(B+~v+1)>n,andze C\ [-1,1]. Then

n_ (2_1)a+n a+n,8—n
/ / (w) (dw)" = ¢ Z T Qr )

.
|




OTHER KIND OF RESULT

Lemma

Ifa+~v¢—-N,ze C\ (—o0,—1]. Then

R
2i(a+y+1)(1—2)"" F< 1—n,1—q, 1 .2>
(n—Na+ B+ NN (y+2) > *\v+2,1—a—B-7"1-2

_Ma+y+1)(1-2)" F —va+B+y+1,1 1-2
1302 a+1,n+1 ' 2

~ T(a+1)(y+1)n!



MORE DIFFERENCE RELATIONS

The Jacobi functions of the first kind
fa+v¢—-N,ze C\ (—oc0,—1]. Then

an

[ d
(Z o 1)2@ (Z - 1)a+/3+“/+1pgya75)(z) _ (a + B84+ 1)n(Z o 1)a+,6+'y+1+npgya,,3+n)(z)’

T d1
i e

o, —a =7 @
PP = Ez = 1)73: PR ),

r an
(z- 1)2% (z+1)° (2= )PP g)

= 2"(y 4+ Dn(z+1)P"(z— 1)“+V+1+”P£{‘f‘;,f_")(z),

dl” (Z+1)B (a,8) (Z+1)’87n (cx,8—n)
%zl o Py (2) :2”(_6_7)nmp’y (2).




A RODRIGUES FORMULA FOR THE JACOBI FUNCTIONS OF

THE FIRST KIND

Starting with

(2= 2] @ @) = 2 (e e R ),
mapping (5,v) — (8 + n,0) one gets

(@8) 7y — ] | _ 2
P @) = Sini @ = ez )y [(z V'




MORE MULTI-INTEGRAL REPRESENTATIONS

ifa+~vy¢&-N,ze C\ (—o0,—1]. Then

(z— 1)a+ﬁ+'y+1—n

(a+B+~v—n+1n

4 4
[ [ i — 2 awp” - @),
1 1

2+ 1740 = )T i
2" (y —n+1)n y=n

/ / (w17 (w — )P w)(w — 1)~ dw]" =

=N+ DT atng)

/ / S =) )PP (w4 1) dw]” =

2M(y —n+1)n y=n
? (W - 1 ,ﬁ) —2 n_ (Z - 1)a+n (ct+n,B3)
/ / (w+1) aﬂ W)(w =+ 1)~ dw]" = (1+a+'y)n(z+1)a+“+7P @),

where R(a+ 5 +~v+1)>n, Rla+v+1) >nRa+n)>0
R(a + n) > 0, respectively.




MORE MULTI-INTEGRAL REPRESENTATIONS

Ifze C\ (—o0,—1]. Then

z z + 1)a+ﬂ+y+1—np(a*ﬂﬁ)(z)
w 4 1)+ pl@B) (N (w4 1) 2 dw]" = (z 7
[ /1( 1) (<) (w) [(w + )2 dw] e Ee———

20BN (o )z =1\ —n+11-a,1  Z+1
(a+ B+ (a,y+1,n) \z+1 P\ i—a—-y1—a-8-7'2z-1)"

L pes o P
/1 /1(W+1)WPv Pl ) = e

Ma+vy+1) z—1\"" —Nn+11-a,1 z+1
2703+~ + 1) (o, vy +2,n) \z+1 P2\ 24,2484y 2-1)"




A FINAL REMARK

Note is of special interest the work by Loyal Durand [3] where the
author derives many of the multi-integral representations
appearing in [1] for associated Legendre and Ferrers functions
from more general relations involving non-integer changes in the
order obtained using fractional Lie group operator methods
developed earlier for SO(2,1), E(2,1), and its conformal extension
SO(@3).

It is therefore probable that similar Lie group theoretic methods
could be used to derive the multi-integral representations
contained within the present paper (see [2]) for Jacobi functions
of the first and second kind.

This could potentially shed some interesting light on the Lie
groups which are associated with general Jacobi functions of the
first and second kind, as well as these functions.
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